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1 Introduction 

In this paper, we study Dirac structures [16, 17, 36] associated with Manin pairs {V,q) and de- 
velop a theory of Hamiltonian spaces with D /G- valued moment maps based on Dirac geometry. 
Our approach is parallel to the one originally introduced by Alekseev and Kosmann-Schwarzbach 
[3] to treat Hamiltonian quasi-Poisson actions, and one of our goals is to explain how these two 
points of view are related. 

This paper is largely motivated by questions, set forth by Weinstcin [42], concerning the 
existence of a unified geometric framework in which recent generalizations of the notion of 
moment map (including [3, 4, 5, 28, 32]) would naturally fit. As it turns out, a fruitful step 
to address these questions consists in passing from Poisson geometry, which describes classical 
moment maps, to Dirac structures, and our guiding principle is that generalized moment maps 
should be seen as morphisms between Dirac manifolds. Building on [10], we illustrate in this 
paper how Dirac geometry underlies moment map theories arising from Manin pairs, providing 
a natural arena for their unified treatment. 

Our work was also stimulated by the theory of G-valued moment maps, introduced in [4, 5] 
in order to give a finite-dimensional account of the Poisson geometry of moduli spaces of flat G- 
bundles over surfaces [1]. A characteristic feature of G-valued moment maps is that they admit 
two distinct geometrical formulations: the original approach of [5] is based on twisted 2- forms 
and fits naturally into the framework of Dirac geometry, sec [2, 10, 12], whereas the description 
in [4] involves quasi-Poisson bivector fields. Although each approach relies on a different type of 
geometry, they turn out to be equivalent, see [4, Sec. 10] and [10, Sec. 3.5]. This paper grew out 
of our attempt to explain the geometric origins of these two formulations of G-valued moment 
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maps as well as the equivalence between them. We prove in this paper that the equivalence 
between the Dirac geometric and quasi-Poisson approaches to Hamiltonian spaces holds at the 
more general level of D/G- valued moment maps. This elucidates, in particular, the connection 
between the Hamiltonian quasi-Poisson spaces of [3] and the symmetric-space valued moment 
maps, described by closed equivariant 3-forms, studied in [25]. 
The paper is organized as follows. 

In Section 2, we review the basics of Dirac geometry, including the integration of Dirac struc- 
tures to presymplectic groupoids, and the relationship between Dirac structures and equivariant 
cohomology [12]. In particular, for a given Dirac manifold S, we recall the general notion of 
Hamiltonian space with S -valued moment map [10]. 

We consider Dirac structures associated with Manin pairs in Section 3. Given a Manin pair 
(5, g) integrated by a group pair {D, G) (the definitions are recalled in Section 3.1), we consider, 
following [3], the homogeneous space S := D/G. We view S* as a G-manifold with respect to 
the dressing action, induced by the left multiplication of G on D. While the theory of quasi- 
Poisson actions [3] is based on the additional choice of an isotropic complement of g in (not 
necessarily a subalgebra), making the Manin pair into a Lie quasi-bialgebra [23], our starting 
point consists of a distinct choice. We instead consider the principal G-bundle D D/G, with 
respect to the action by right multiplication, and choose an isotropic connection 9 G Q}{D,q), 
i.e., a principal connection whose horizontal distribution is isotropic in TD (with respect to the 
invariant pseudo-riemannian metric induced by 9). As it turns out, such connection 6 defines 
a closed 3-form (ps £ ^^{S) as well as a (/)5-twisted Dirac structure L5 C TS © T*S on S. 
This Dirac structure is best understood in terms of Courant algebroids: as observed by Severa 
[35] and Alekseev-Xu [6], the trivial bundle 95 := 9 x 5" over S is naturally an exact Courant 
algebroid, and fixing is in fact equivalent to a choice of identification Ds — TS ®T*S (under 
which Ls corresponds to g). Upon an extra invariance assumption on 6, the Dirac structure L5 
turns out to be determined by a closed equivariant extension of the 3-form cps- 

Starting from a Manin pair together with the choice of an isotropic connection 9 G 

Q^{D,q), we investigate in Section 4 the Hamiltonian theory associated with the Dirac manifold 
{S, Ls, (l)s)- In this theory, moment maps arc given by suitable morphisms J : M ^ S from 
Dirac manifolds M into S [10, 2]. We discuss how specific examples of Manin pairs equipped with 
particular choices of connections lead to many known moment maps theories, including G-valued 
and P- valued moment maps [5] , G*-valued moment maps [28] , as well as symmetric-space valued 
moment maps [25]. This section also includes an explicit description of presymplectic groupoids 
integrating the Dirac manifold {S,Ls,<ps), explaining how they lead to the appropriate notion 
of "double" in different examples. A final important observation in this section is that the 
connection 9 determines an interesting 2- form ujd on the Lie group D. This 2- form makes D 
into a Morita bimodule (in the sense of [43]) between the Dirac manifold S and its opposite . 
We use this Morita equivalence to define a nontrivial involution in the category of Hamiltonian 
G-spaces with S*- valued moment maps. In the particular cases where 5 = G or 5 = G*, this 
involution agrees with the one induced by the inversion map on G or G*. 

In Section 5, we revisit the quasi-Poisson theory developed in [3]. The main new ingredient 
in our point of view is the construction of a Lie algebroid describing quasi-Poisson actions 
(particular examples of this Lie algebroid have appeared in [29] and [10], and an alternative 
construction was discussed in [11], see also [38]). 

The aim of Section 6 is to relate the two approaches to Hamiltonian theories associated with 
Manin pairs. The set-up is a Manin pair (f,0) together with two extra choices: an isotropic 
connection 9 G 0^(L>,g), which leads to a category of Hamiltonian spaces via Dirac geometry. 
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and an isotropic complement i) of g C f , which leads to a category of Hamiltonian spaces 
described by quasi- Poisson structures. These extra choices can always be made, and they are 
independent of each other. We give an explicit geometric construction of an isomorphism between 
the two types of Hamiltonian categories, generalizing [10, Thm. 3.16] (following the methods in 
[2]). As we will see, the link between Dirac structures and quasi-Poisson bivector fields lies in 
the theory of Lie quasi-bialgebroids [34]. Under the identification ds — TS © T*S induced by 
9, the subspace f) C defines an almost Dirac structure Cs on S transverse to Ls- Given a 
moment map J : (M, L) — ^ (S, Ls) in the Dirac geometric setting, the pull-back image of Cs 
under J (in the sense of Dirac geometry, see e.g. [2, 14]) defines an almost Dirac structure C 
on M transverse to L, so the pair L,C C TM © T*M is a Lie quasi-bialgebroid. The bivector 
field on M naturally induced by this Lie quasi-bialgebroid makes it into a quasi-Poisson space. 
This procedure can be reversed and establishes the desired equivalence of viewpoints. We note 
that many features of the Hamiltonian spaces are independent of any of the choices involved, 
including the construction of reduced spaces. Lastly, the main facts about Courant algebroids 
and Lie quasi-bialgebroids used in the paper are collected in the Appendix. 

There is a more conceptual explanation for the equivalence between the quasi-Poisson and 
Dirac geometric viewpoints to Hamiltonian spaces associated with Manin pairs: as shown in 
[13], there is an abstract notion of Hamiltonian space canonically associated with a Manin pair; 
when additional (noncanonical) choices are made, these abstract Hamiltonian spaces take the 
two concrete forms studied in this paper. 

Acknowledgments: We would like to thank A. Alekseev, D. Iglesias Ponte, Y. Kosmann- 
Shwarzbach, J.-H. Lu, E. Meinrenken, P. Severa, A. Weinstein and P. Xu for helpful discussions, 
as well as the referee for his/her comments. H. B. thanks CNPq and the Brazil-Prance coop- 
eration agreement for financial support, and Utrecht University, the Fields Institute, and the 
University of Toronto for their hospitality during various stages of this project. The research of 
M. C. was supported by the Dutch Science Foundation (NWO) through the Open Competitie 
project no. 613.000.425. We thank the Erwin Schrodinger Institute for hosting us when this 
paper was being completed. 

Notation: Given a Lie group G with algebra q (defined by right-invanant vector fields), the 
left/right vector fields in G defined by u G 5 are denoted by tt',u'" € X{G). Left and right 
translations hy g & G are denoted by Ig and rg, and we write {u'^)g = dry{u), or simply rg(u) 
if there is no risk of confusion (similarly for left translations). The left/right Maurer-Cartan 
1-forms on G are denoted by 0^,6^ G U^{G,q) and defined by d^{u^) = 9^{u^) = u. 

2 Dirac geometry and Hamiltonian actions 

In this section, we briefly recall the basics of Dirac geometry [16, 17, 36] and describe how to 
associate a category of Hamiltonian spaces to a given Dirac manifold S", obtaining a general 
notion of S -valued moment map. We will mostly follow [10, 12]. 

2.1 Dirac geometry 

Let M be a smooth manifold. Consider the bundle TM := TM © T*M equipped with the 
symmetric pairing 

((Xi,ai),(X2,a2)) :=a2(Xi) + ai(X2). (2.1) 

An almost Dirac structure on M is a subbundle L C TM which is lagrangian (i.e., maximal 
isotropic) with respect to (2.1). Since the pairing has split signature, it follows that rank(L) = 
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dim(M). Simple examples of almost Dirac structures include 2-forms uj G Jl^(M) and bivectors 
fields TT G j£^(M), realized as subbundles of TM via the graphs of the maps TM T*M, 
X ^ ixLO and T*M TM, a ^ ian. 

Let (f) G Q,^{M) be a closed 3- form on M. A (/)-twisted Dirac structure [36] on M is an 
almost Dirac structure L c TM satisfying the following integrability condition: the space of 
sections T{L) is closed under the ^-twisted Courant bracket 

|(Xi,ai),(X2,a2)l0 := {[Xi, X2], jCxiOi2 - ixid^i + 1x2^X1(1}), (2.2) 

where Xi,X2 G X{M) and ai, 02 G fl^{M). For a 2-form u G fl'^{M), the integrability condition 
amounts to duj + (f) = 0, and for a bivector field tt G X^(M) it gives ^[ir, tt] = TT^{(j)) (here [•, •] 
denotes the Schouten bracket). We will see many other examples later in this paper. We denote 
a Dirac manifold by the triple (M, L,(p), or simply (M, L) if the 3-form is clear from the context. 
Given an (^-twisted Dirac structure L on M, we define its opposite as 

L°P := {{X, a) G TM I (X, -a) G L}, (2.3) 

which is a — (/)-twisted Dirac structure. We often denote (M, L°p, — </>) simply by M°P. 

The bracket (2.2), although not skew-symmetric, becomes a Lie bracket when restricted to the 
space of sections of a Dirac structure L. The vector bundle L ^ M inherits the structure of a Lie 
algebroid over M, with bracket |-, •](/,|r(L) and anchor given by pr^jv^li, where pt^m '■ "^-^ ~^ TM 
is the natural projection. As a result, the distribution pryjv^(-L) C TM is integrable and defines 
a singular foliation on M. Each leaf l : O "-^ M inherits a 2-form loq € ^^(C')) defined at each 
point X G O hy 

uJo{Xi,X2) = a{X2), (2.4) 

where a G r*M is such that {Xi,a) G (the value of wo is independent of the particular 
choice of a). The integrability of L implies that duo + (-*(!) = 0- This singular foliation, equipped 
with the leafwise 2-forms, is referred to as the presymplectic foliation of L. Note that the 
leafwise 2-forms are nondegenerate if and only if L is the graph of a bivector field, and the Lie 
algebroid of L is transitive (i.e., with surjective anchor) if and only if L is the graph of a 2-form. 

Given manifolds M and S and a smooth map J : M ^ S, we say that the elements (X, a) G 
TM^ and {Y, (3) G TS'j(^) are J-related at x if 

Y = {dJ)^{X) and a = {dJ)lp. 

A direct calculation shows the following (see [2, Sec. 2] and [37]): 

Lemma 2.1 If (Xi,ai) and {Yi,Pi) are J-related at x, i = 1,2, then ((Xi, ai), (X2, 02))^; = 
((Yi,ai),(y2,a2))j(:,). Also, if {Xi,ai) G T{TM) and {Yi,(3i) G r(J*TS') are J-related at all 
points in a neighborhood ofx G M, then |(Xi, ai), {X2, 02)] J-related to [(Yi, ai), {Y2, a2)](^s 

at X. 

Here J*TS denotes the pull-back vector bundle over M. 
Consider the subbundle Tj C J*TS TM defined by 

Tj ■= {{{Y,P),{X,a)) G J*TS®TM\{X,a) is J-related to {Y,p)}. 

Then Tj is lagrangian in J*T5© TAf, where TS is equipped with minus the pairing (2.1). We 
use Tj to define morphisms of almost Dirac structures using composition of lagrangian relations, 
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following [20, 42] (c.f. [2, 14]). Let L and Ls be almost Dirac structures on M and S. We say 
that Ls is the forward image of L if Fj o L = J*Ls at each x G M, that is, 

(L5)j(,) = {((dJ),(x),/?) I X e r,M, /? G r;(,)5, and (X, (dJ)*(/3)) e L,}, g m. 

In this case we call J a forward Dirac map (or simply f-Dirac map) . Similarly, we say that L 
is the backward image of Ls ii L = {J*Ls) o Tj at each x G M, which amounts to 

= {{X, {dJ)l{(5)) I X e r,M, /3 G rj(,)5, and ((dJ).(X), /3) G (Ls)j(,)}. 

When both L and L5 are (graphs of) 2-forms, the notion of backward image reduces to the 
usual notion of pull-back; on the other hand, when both L and Ls are bivector fields, then the 
forward image amounts to the push-forward relation. 

Just as Poisson manifolds are infinitesimal versions of symplectic groupoids [41] (c.f. [15, 
18]), Dirac manifolds also have global counterparts. The objects integrating (/^-twisted Dirac 
structures are 0- twisted presymplectic groupoids [12, 43], i.e.. Lie groupoids Q over a base 
M equipped with a 2- form uj &^^{Q) such that: 

i) to is multiplicative, i.e., m*io = p^LO + P2U;, where m : G Xm G ^ G is the groupoid 
multiplication and Pi : G >^mG ^ G, i = i,^, are the natural projections onto the first and 
second factors. 

ii) dw = s*^ — t*4>, where s,t are source, target maps on G, and (f) G r2^;(M), 
Hi) dim(^) = 2dim(M), 

iv) k&[{u)x n ker(o?s)a; n ker(dt)j; = {0}, for ah x G M. 

If uj satisfies condition ii), then wc say that it is relatively (^-closed. Conditions i) and ii) 
together arc equivalent to uo + (j) being a 3-cocyclc in the har-de Rham complex of the Lie groupoid 
G [8] (see also [43]), i.e., the total complex of the double complex VtP{Gq) (here Gq denotes the 
space of composable sequence of g-arrows) computing the cohomology of EG- 
As proven in [12], any (;ii>-twistcd presymplectic groupoid G over M defines a canonical (/>-twisted 
Dirac structure L on M, uniquely determined by the fact that t is an f-Dirac map (whereas s is 
anti f-Dirac). Moreover, there is an explicit identification (as Lie algebroids) of L with the Lie 
algebroid of ^. In this context, we say that the presymplectic groupoid is an integration of the 
Dirac manifold {M,L,4>). Conversely, if a 0-twisted Dirac structure L on M is integrable (as a 
Lie algebroid), then the corresponding s-simply-connected groupoid admits a unique (/)-twisted 
presymplectic structure integrating L. We will see many concrete examples of presymplectic 
groupoids in Section 4.3. 

2.2 The Hamiltonian category of a Dirac manifold 

The fact that moment maps in symplectic geometry are Poisson maps indicates that moment 
maps in Dirac geometry should be represented by f-Dirac maps. Indeed, we need a special class 
of f-Dirac maps to play the role of moment maps. 

Given Dirac manifolds (M, L, (j)) and {S, Ls, (ps), we call a smooth map J : M ^ S a strong 
Dirac map if 

1. = r^s, 
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2. J is an f-Dirac map: Tj o L = J*Ls, 

3. Denoting ker(L) := L PI TM, the following transversality condition holds: 

ker(dJ)3; n ker(L)^ = {0}, Vx G M, (2.5) 
(This is equivalent to the composition Tj o L being transversal.) 

Strong Dirac maps are alternatively called Dime realizations in [10] (see also [2]). In particular, 
we will refer to a strong Dirac map J : M ^ S for which the Dirac structure on M is a 2-form 
as a presymplectic realization of S. An immediate example of a presymplectic realization is 
the inclusion l : O ^ S of a presymplectic leaf. More generally, since the composition of strong 
Dirac maps is a strong Dirac map, the restriction of a strong Dirac map M ^ S to leaves of M 
define presymplectic realizations of S. 

Definition 2.2 The Hamiltonian category of a Dirac manifold {S,Ls,4>s) is the category 
M{S, Ls, (f)s) whose objects are strong Dirac maps J : M ^ S and morphisms are smooth maps 
ip : M ^ M' which are f-Dirac maps and such that J' o = J . We denote by M{S, Ls, (ps) ihe 
subcategory of presymplectic realizations. 

This definition will be justified by general properties of strong Dirac maps as well as concrete 
examples. First of all, a strong Dirac map J : M ^ S induces a canonical action on M. Indeed, 
the properties of J define a smooth bundle map [2, 10] 

PM : rLs ^ TM, (2.6) 

where X = pM {Y, (3) is uniquely determined by the conditions 

idJUX) = Y and {X,{dJ)U(3))eL. (2.7) 

Let us also consider the bundle map 

Pm:J*Ls^L, {Y,l3)^{pM{Y,l3),{dJ)l{(5)). (2.8) 

A direct computation shows that, at the level of sections, the induced map pM '■ r(-^S') — ^ r(L) 
preserves Lie brackets, and hence so does pM '■ ^{Ls) X{M). As a result, we have 

Proposition 2.3 If J : M ^ S is a strong Dirac map, then the map pu (2-6) defines a Lie 
algebroid action of Ls on M. 

More on Lie algebroid actions can be found e.g. in [30]. 

It immediately follows from (2.7) that the action pM is tangent to the presymplectic leaves of 
Af . In particular, when L is defined by a 2-form u on M (i.e., J is a presymplectic realization), 
then the conditions in (2.7), relating J and the action pM, take the form 

dJ{pM{Y,P)) =Y and ipj^(Y,p)u; = J* 

which can be interpreted as an equivariance condition for J (with respect to the canonical action 
of Ls on S) together with a moment map condition. In this sense, we think of M as carrying 
a Hamiltonian action and J : M — > 5 as an S-valued moment map. Various properties of 
usual Hamiltonian spaces are present in the framework of strong Dirac maps. For example, 
as discussed in [10, Sec. 4.4], there is a natural reduction procedure generalizing Marsden- 
Weinstein's reduction [31] (a particular case of which will be recalled in Section 4.1). 
Let us recall some examples of Hamiltonian spaces defined by strong Dirac maps [10]. 
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Example 2.4 The identity map Id : S" — > S* is always an object in A4{S,Ls,4>s)j whereas 
inclusions of presymplectic leaves i : O ^ S are objects in Ai{S, Ls, 4>s)- 

Example 2.5 If {Q,oj) is a presymplectic groupoid integrating {S,Ls,(t>s)^ then 

(t, s) : g ^ 5 X 5°P 

is a strong Dirac map, i.e., it is an object in M.{S x S,Ls x L^g , (ps x {—4's))- 

Example 2.6 If Lg is the graph of a Poisson structure tts and J : (M, L) — {S, -Kg) is a strong 
Dirac map, then the transversality condition (2.5) implies that L must be (the graph of) a 
Poisson structure. Hence M.{S,Ls) is simply the category of Poisson maps into S (whereas 
M-iyS^-Ks) is the category of Poisson maps from symplectic manifolds into S). These are the 
infinitesimal versions of the Hamiltonian spaces studied by Mikami and Weinstein [32] in the 
context of symplectic groupoid actions. For the specific choice of S = Q*, equipped with its 
canonical linear Poisson structure TTg*, then Ai{S,Ls) (resp. M{S,Ls)) is the category of 
Poisson (resp. symplectic) Hamiltonian g-spaces in the classical sense. 

Example 2.7 Let G be a Lie group whose Lie algebra q carries an Ad-invariant, symmetric, 
nondegcncratc bilinear form (•, ■)^. We consider G equipped with the Cartan-Dirac structure 
(see e.g. [2, 12, 36]) 

LG:={{p{v),a{v))\ves}(ZTG, (2.9) 

where p{v) = — v^ and a{v) := ^{9^ + 0^, v)^. This Dirac structure is integrable with respect 
to —(pG, where (f)G is the bi- invariant Cartan 3-form, defined by 

(j)G{u,v,w) := ^{[u,v],w)g, u,v,weg. 

As shown in [10, 12] (sec also [2]), M{G,Lg,4>g) is the category of q-Hamiltonian g-spaces in 
the sense of Aleksccv-Malkin-Mcinrcnkcn [5] (more general objects in Ai{G,LG,4>G) correspond 
to foliated spaces whose leaves arc q-Hamiltonian g-spaces). 

We will return to Example 2.7 in Section 4. 

We finally observe the behavior of the Hamiltonian category under gauge transformations. 
There is a natural action of ^^{S), the abelian group of 2-forms on S, on the set of Dirac 
structures on S: if Ls is a 05-twisted Dirac structure and B e ^^{S), we define 

tb{Ls) := {{Y,^ + iYB) I (F,/3) G Ls} C TS, 

which is a (05 — di?)-twisted Dirac structure on S. We refer to tb as a gauge transformation 
by B. We use the notation tb{S) for the Dirac manifold {S,tb{Ls),4's — dB). 

Proposition 2.8 Let B G VL^{S), and let {M^L^cj)), {S,Ls,4>s) be Dirac m,anifolds. Then 
J : M ^ L is a strong Dirac map if and only if J : tj*b{M) tbIS) is a strong Dirac map. 
Moreover, this correspondence defines an isomorphism of Hamiltonian categories 

Tb : M{S, Ls) ^ M(-S, TBiLs)), 

which restricts to an isomorphism M{S,Ls) = M{S,tb{Ls))- 
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The proof is a direct verification using the definitions (see also [14]). 

Remark 2.9 (Global actions) 

We have only defined the Hamiltonian category of a Dirac manifold at the infinitesimal level. 
The global counterparts of the S*- valued Hamiltonian spaces in Ai(S,Ls,(l)s) are manifolds M 
equipped with a 2-form lom £ r2^(M) and carrying a left ^-action pM : G xs M M (where 
{Q, uj) is a presymplectic groupoid integrating L5) along a smooth map J : M ^ S such that 
di^M + J*4'S = 0, ker(dJ) n ker(a;M) = {0} and 

pIi'^m = prM^M + prgw. (2.10) 

Here pr]^,prg are the natural projections from Q X5 M on M and Q. Condition (2.10) is the 
global version of J being an f-Dirac map [12, Sec. 7]. These global Hamiltonian spaces are 
studied in [43]. The global counterparts of the more general objects in M.{S,Ls) are similar, 
but now M carries a Dirac structure and (2.10) holds leafwise [10, Sec. 4.3]. In this paper, we 
will be mostly concerned with the infinitesimal Hamiltonian category (but all results have global 
versions that can be obtained by standard integration procedures). 

2.3 Dirac structures and equivEiriant cohomology 

Let {Q,u>) be a 0-twisted presymplectic groupoid integrating a Dirac manifold {M,L,(p). As 
recalled in Section 2.1, uj + (j) defines a 3-cocycle in the bar-de Rham complex of Q. Let us 
assume that ^ = G k M is an action groupoid, relative to an action of a Lie group G on M 
(i.e., s{g,x) = x, t{g,x) = g.x and m{{h,y), {g,x)) = {hg,x)). In this case, the bar-de Rham 
complex of Q becomes the total complex of the double complex Q,p{G'^ x M), which computes 
the equivariant cohomology of M in the Borel model (sec e.g. [8]). In particular, uj + cf) defines 
an equivariant 3-cocycle. We now discuss the infinitesimal counterpart of this picture, which 
relates Dirac structures to equivariant 3-cocycles in the Cartan model (see [12, Sec. 6.4]). 

Let A be a Lie algebroid over M, with bracket [•, •]a and anchor p : A ^ TM. As proven in 
[12], the infinitesimal version of a multiplicative, relatively 0-closcd 2-form on a Lie groupoid is 
a pair {a, (p) where a : A —> T*M is a bundle map, cf) G ri^(M) is closed, and such that 

{a{a),p{a')) = -{a{a'),p{a)), (2.11) 
a{[a, a']A) = £.p(a)<^{a') - ip(^a')d(T{a) + ip(a)Ap{a')4>, (2-12) 

for all a, a' G r(yl). Let us assume that the bundle map (p, cr) : A TM has constant rank, 
and let L := {p,a){A) C TM. Then (2.11) says that L is isotropic, whereas (2.12) means that 
the space of section T{L) is closed under the Courant bracket [•, -J^. It immediately follows that 
if rank(L) = dim(M), then L is a Dirac structure on AI. 

In this paper, we will be particularly interested in the following special case of this construction. 
Suppose that a manifold S carries an action of a Lie algebra g, denoted hy p : g ^ X{S). 
Let A = Q t< S he the associated action Lie algebroid, whose anchor is p and Lie bracket on 
T(A) = C°°{S,q) is uniquely defined by the bracket on g (viewed as constant sections) and the 
Leibniz rule (see Lemma 3.5). Assume that we are given a bundle map a : q x S ^ T*S and a 
closed 3-form (f)s G 0^(5) satisfying (2.11) and (2.12). Let us also suppose that 

dim(g) = dim(5'), and ker(p) n ker(c7) = {0}. (2.13) 
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The last two conditions guarantee that rank{Ls) = dim(S'), hence 

Ls:=mv),a{v))\veQ} (2.14) 

is a (?!)5-twisted Dirac structure on S. By construction, Ls is isomorphic to A = g ix 5 as a Lie 
algebroid (via {p,a) : A — Ls). 

Proposition 2.10 Given a strong Dirac map J : M ^ S, we have an induced Q-action pM '■ 
Q — > X{M) uniquely determined by the conditions 

dJ o pm = p, and (pm{v), J* (t{v)) £ L, \/ v £ q. 

This is a direct consequence of Prop. 2.3: the action pM is just the restriction of (2.6) to g, 
viewed as constant sections in T{Ls) = C°°{S, g). We also have the associated bracket-preserving 
map 

PM:Q^r{L), pm{v) = {pm{v),J*u{v)). (2.15) 

We can use the action pM to give an alternative description of presymplectic realizations of 
S", phrased only in terms of the maps o" : g — > r2^(S') and p : g — ^ '^{S), without any explicit 
reference to Dirac structures: 

Proposition 2.11 Let M he equipped with a 2-form to. Equip S with the Dirac structure Ls of 
(2.14), and let J : M ^ S be a smooth map. Then J is a presymplectic realization of {S,Ls,(f)s) 
if and only if the following is satisfied: 

i) duj + J*(t)s = 0; 

ii) At each x G M, ker(a;)j; = {pMiv)x '■ v G ker(o")}; 

Hi) The map J : M ^ S is Q-equivariant and satisfies the moment map condition 

ipM{v)'^ = •^*^(^)' V G g. 

Proof: The only condition that remains to be checked is ii), which follows from the transver- 
sality condition (2.5). The proof is identical to the one in [12, Thm. 7.6] (c.f. [2, Sec. 5]). □ 

An immediate consequence of conditions i) and Hi) in Prop. 2.11 is that 

^pm{v)'^ = J*id{a{v)) - ip(^)<ps)- (2.16) 

Hence the 2-form a; on M will not be g-invariant in general unless a : g ^ Q,^{S) and (ps G ^di^) 
satisfy the extra condition 

d{a{v)) = ip^^)(l>s. (2.17) 
In this case, it immediately follows from (2.12) that 

(Ti[u,v]) = Cp(u)criv), V eg. (2.18) 

Note that (2.11) implies that ip(^y)0'{v) = and, by (2.17), Cp(^y^(ps = 0. These conditions 
together precisely say that a + cps defines an equivariantly closed 3-form, i.e., a 3-cocycle in the 
Cartan complex 

^aiS) := {®2i+j=kS\9*) ® n^iS)f , dciP) = d{Piv)) - V(„)(P(i;)), (2.19) 
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where P is viewed as a G-invariant i7*(S')-valucd polynomial on and G is a connected Lie 
group integrating g. Conversely, we see that an equivariantly closed 3-form £7+05 on 5 satisfying 
(2.13) defines a particular type of Dirac structure Lg by (2.14). We will see in this paper many 
concrete examples of this interplay between Dirac structures and equivariant 3-forms. 

Remark 2.12 When a Dirac structure is determined by an equivariantly closed 3-form 
a + (f)s, then a gauge transformation of L5 by an invariant 2-form B changes the equivariant 
3-form by an equivariant coboundary: a + (j)s ^ {cr + ipB) + {(f)s — dB). 

As we will see in Section 4.3, one has explicit formulas for the multiplicative 2-forms on 
Q = G t< S arising via integration of Dirac structures defined by (2.14), and these formulas are 
particularly simple when a + cps is an equivariant 3-form. In this case, the integration procedure 
for Dirac structures gives a concrete realization of the natural map from the cohomology of the 
Cartan complex (2.19) into the equivariant cohomology of M in degree three. 

3 Manin pairs and isotropic connections 
3.1 Manin pairs 

This section recalls the basic definitions in [3] and fixes our notation. 

A Manin pair is a pair (5,0), where 5 is a Lie algebra of dimension 2n, equipped with an 
Ad-invariant, nondegenerate, symmetric bilinear form of signature (n,n), and g C t) is a 

Lie subalgebra which is also a maximal isotropic subspace. (In Appendix A. 2 we discuss the 
more general notion of Manin pair over a manifold M.) 

Throughout this paper we assume that a Manin pair (t),g) is integrated by a group pair 
{D, G), where D is a connected Lie group whose Lie algebra is t), and G is a connected, closed 
Lie subgroup of D whose Lie algebra is g. Given a group pair (D, G), one considers the quotient 
space 

S = D/G 

with respect to the G-action on D by right multiplication. The action of D on itself by left 
multiplication induces an action of D on S, called the dressing action. We denote by 

ps-.-O^ X{S) (3.1) 

the induced infinitesimal action, and by 

p-.Q-^ X{S) (3.2) 
its restriction to g. The following are two key examples from [3]. 

Example 3.1 Let g be a Lie algebra and consider J) = g g*, with Lie bracket given by 

[(n, n), {v, u)]^ = {[u, v],adl{i') - ad*(/x)), 

i.e. = g K g* is the semi-direct product Lie algebra with respect to the coadjoint action. If we 
set the pairing (•, to be the canonical one, 

((n, n), {v, z/))j, := {{u, p), {v, u))^^ = u{u) + p{v), (3.3) 

then (J),g) is a Manin pair. The Lie group integrating is D = G x g*, the semi-direct product 
Lie group with respect to the coadjoint action of G on g*. Hence S = Q*, and the infinitesimal 
dressing action of g on 5 is the coadjoint action. 
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Example 3.2 Let 5 be a Lie algebra equipped with a symmetric, nondegenerate, ad-invariant 
bilinear form (•, ■)^. Consider the direct sum of Lie algebras d = B © 0, together with the pairing 

{{ui,Vi), {U2,V2))^ := {ui,U2)g - {vi,V2)g. 

We also write g © f to denote D with the pairing above. If we consider g as a subalgebra of D 

through the diagonal embedding q ^ d, v iv,v), then is a Manin pair. The associated 

group pair is {D = G x G,G), where G is identified with the diagonal of D. In this case 
S = {G X G)/G = G via the map [(a, b)] ^ ab~^. Under this identification, the dressing action 
of -D on S is 

(a, 6) • g = agb~^, 

and, infinitesimally, we have 

PS ■.'i> ^ TG, {u, v) - v\ 

so the dressing action restricted to G C .D is the action by conjugation. 

3.2 Connections and differential forms 

We now introduce certain differential forms on S = D/G and D which arise once a connection 
on the principal G-bundle (with respect to right multiplication) 

p:D — (3.4) 

is chosen. These differential forms play a central role in the definition oiD/ G- valued Hamiltonian 
spaces in Section 4. 

A principal connection on the bundle (3.4) is called isotropic if its horizontal spaces are 
isotropic in TD (with respect to the bi- invariant pseudo-riemannanian metric defined by {■■,-)^)- 

Proposition 3.3 A connection on (3.4) is equivalent to the choice of a 1-form 

s e n\S,'Q) 

satisfying ps{s{X)) = X, for all X G TS, and the connection is isotropic if and only if s has 
isotropic image in d. 

Proof: A principal connection is a G-equivariant bundle map H : p*TS — > TD such that 
dpoH = Id. We relate H and s by trivializing TD using right translations: H{X, a) = dra{s{X)). 
Since the dressing action on S is ps{''Ap{a) = dp{dra{u)), we have ps o s = dp o H . The last 
assertion in the lemma follows from the invar iance of (•, □ 

A connection on (3.4) can also be given in terms of a 1-form 6 G Q^{D,q) satisfying 

e{dla{v)) = V, Oagdrg = Adg-i9a, 
ioT a e D, g e G and v e Q, and it is isotropic if and only if 

{e{X), ^^(F)>^ + {e{Y),0^{X)\ = {X, Y)„ X,Ye TD. (3.5) 
The 1-forms 9 G CI^{D,q) and s G Q^iS,!)) are related by 

ea = 9^-Ad^-iip*s), a ED. (3.6) 
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Once an isotropic connection is fixed, we have the following induced differential forms on S: 

(ps:=l{ds,s)^ + ^{[s,s]^,s)^, (3.7) 

and a g*-valued 1-form 

aen\S,Q*), aiX){u) := {s(X),u)^, (3.8) 

which we may alternatively view as a map g —>■ Q,^{S). We will also write cpg, ag if we want to 
stress the dependence of these forms on the given connection s G Q,^{S,D). 
These forms satisfy many nice properties, as illustrated below. 

Proposition 3.4 The 3-form (ps is closed, and a satisfies conditions (2.11) and (2.12). More- 
over, viewing S as a Q-manifold with respect to the dressing action p : ^ —>■ X(S), conditions 
(2.13) hold, and hence Lg = {{p{u),a{u)) \ u E q} is a (ps-twisted Dirac structure on S. 

The proof of Prop. 3.4 will be postponed to Section 3.4. 

We conclude that the choice of an isotropic connection on p : D ^ S places us in the context 
of Section 2.3, leading to a category of Hamiltonian spaces with D/G-valucd moment maps. 
An isotropic connection, given by ^ G ri^(Z), g), also induces an important 2-form lod G ri^(D), 

a;o:=^«0^Inv*^>,-<^^^>J, (3.9) 

where Inv : D —>■ D denotes the inversion on the Lie group D. Since Inv*^^ = —6^, we have 
Inv*ti;D = lod- Let us consider p ■ = po Inv : D ^ S. The main property of w^j, to be proven in 
Section 4.1, is that 

{p,p):{D,u;d)^{SxS,LsxLs) 

is a presymplectic realization (i.e., it is an 5 x S"- valued Hamiltonian space). 

In order to prove the various properties of the differential forms introduced in this section, we 
will resort to the theory of Courant algebroids and Dirac structures (see the Appendix). 

3.3 The Courant algebroid of a Manin pair 

In this section we recall how a Manin pair (0, g) gives rise to a Courant algebroid over S = D/G. 
This fact goes back to unpublished work of Severa [35] and Alekseev-Xu [6]. 

Given a Manin pair (f,0), let ds := d x S he the trivial vector bundle over S with fiber d. 
The space of sections T(ds) = C°^{S,d) contains as the constant sections. There are several 
ways to extend the Lie bracket on O to r(t)s), and each way produces a different structure on Ds- 
The simplest possibility of extension is to use the bracket [•,•]() of d pointwise. This makes ds 
into a bundle of Lie algebras. The second possibility takes into account the infinitesimal action 
ps of t) on 5 and makes ds into a Lie algebroid. This is described by the following well-known 
construction. 

Lemma 3.5 There is a unique extension of the Lie bracket of D to a Lie bracket on r('Os), 
denoted by [•, -jLie, which makes O5 into a Lie algebroid over S with anchor ps- 

Proof: Uniqueness follows from Leibniz identity. For the existence, we give the explicit 
formula at a; G 5: 

[u,v]Lieix) := [u{x),v{x)]^ + £,pg^u^^^){v){x) - >Cpg(^(3.))(u)(x), (3.10) 



13 



for u,ve C°°{S,d). 



□ 



Finally, as observed in [6, 35], taking into account ps as well as the bilinear form (•, on i), 
we can view as a Courant algebroid (see Sec. A.l). Analogously to Lemma 3.5, we have 

Lemma 3.6 There is a unique extension of the Lie bracket of d to a bilinear bracket on T{Ds), 
denoted by |-, -Jg, which makes ds into a Courant algebroid over S with anchor P5 : f 5 — ^ TS 
and symmetric pairing (•, 

Proof: As in the previous lemma, the uniqueness follows from the Leibniz identity (condition 
C5) in Section A.l). For the existence, we have the explicit formula 

{lu,v}^,w)^ := {[u,v]Lie,w)^ + {£pg(^^){u),v)^, u,v,w e T{ds)- 

Note that conditions Cl)-C4) in Sec. A.l follow from the fact that each formula is C°°(S')-linear 
in its arguments, and they are clearly satisfied on constant sections. □ 

Let us consider the trivial bundle 0s = QX S over S associated with the Lie subalgebra C 5. 

Proposition 3.7 The following holds: 

i) 5s is a Dirac structure in the Courant algebroid (3s- 
ii) The Courant algebroid T)s is exact, i.e., the sequence 

— >T*S ^ds -^TS — ^ 

is exact (see Sec. A. 5). 

Proof: Using the Leibniz rule, one immediately checks that the space of sections V{qs) C 
V{X)s) is closed under any of the extensions of the Lie bracket on to Ds- In particular, qs is a 
Dirac structure in f)^. 

To prove ii), note that ps is onto. On the other hand, we have that Im(pJ) C Ker(p5), see 
(A. 2). Since {-j-)^ has signature {n,n), it follows that dim(0) = n, so 5 = D/G has dimen- 
sion n. The rank of Ker(/95) is n, which agrees with the rank of Im(pJ) = pg{T*S). Hence 
Im(p^) = Ker(p5)- □ 



3.4 Invariant connections and equivariant 3-forms 

Given a Manin pair (D,0), let us consider its associated Courant algebroid ds as in Lemma 3.6. 
Let us fix an isotropic splitting s : TS Ds of the exact sequence 

— >T*S ^X)s -^TS — > 0. 

(Isotropic splitings always exist, see Sec. A. 2.) Since, according to Prop. 3.3, s G 0^(5,1)) is 
equivalent to the choice of an isotropic connection on the bundle p : D ^ S, we refer to s as a 
connection splitting. 

It is a general fact about exact Courant algebroids (see Sec. A. 5) that an isotropic splitting s 
determines a closed 3-form (/)|. G Q,'^{S) by 

<PUX,Y,Z) := {ls{X),s{Y)j„s{Z))^, X,Y,ZeX{S). (3.11) 

If s is clear from the context, we simplify the notation by just writing (ps for this form. 
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Lemma 3.8 The 3-form (j)s in (3.11) agrees with (3.7). 
Proof: By the definition of |-, -Jo in terms of the brackets [•, and [•, ■]Lie^ we have 

(t>s{X,Y,Z) = {[s{X),s{Y)]ue,s{Z))^ + {Cz{s{X)),s{Y))^ (3.12) 
= {[s{X), s{Y% + Cx{s{Y)) - Cy{s{X)), s{Z)\ + {Cz{s{X)), s{Y)\. 

Using that s is isotropic, we find the expression 

cl)s{X,Y,Z) = ([5(X),s(y)],,s(Z)), + ^(£x(5(i^)),s(^))t., (3-13) 

cyd 

where "Ylicycl denotes cychc sum in X, Y and Z. 

On the other hand, using again that s is isotropic, we have 

{ds{X,Y),s{Z% = {£x{s{Y)),s{Z)),-{£YisiX)),s{Z)), 
= {Cx{s{Y)), siZ)), + {jCYisiZ)),s{X))„ 

and it follows that {ds, s)^{X,Y, Z) = 2J2cyci {^x{s{Y)), s{Z))^. Similarly, using that 

{[s, sUX, Y), s{Z)), = 2{[s{X), s{Y)]„ s{Z)), 

we obtain that {[s,s]^,s)^{X,Y,Z) = 6{[s{X),s{Y)]^,s{Z)). Now (3.7) follows from (3.13). □ 

The previous lemma explains why the 3-form (3.7) is closed. To finish the proof of Prop. 3.4, 
note that the connection splitting s induces an identification of Courant algebroids 

ips,s*):^S^TS(BT*S, (3.14) 

where TS (BT*S is equipped with the (/)5-twisted Courant bracket (see Sec. A. 5). In particular, 
the image of qs under (3.14) is a ^5-twisted Dirac structure Lg on S. Defining 

as:=s\:gs^T*S, (3.15) 

where s* T* 5 is dual to s after the identification V = d*, we can write 

L's = {{p{u),as{u))\ueg}. (3.16) 

It is clear that the presymplcctic leaves of L5 arc the dressing g-orbits. To simplify the notation, 
we may omit the dependence on s. Note that (2.13) holds, and the integrability of Ls implies 
that a satisfies (2.11) and (2.12), as claimed in Prop. 3.4. 

We now discuss when cr + 05 is an equivariantly closed 3-form with respect to the g-action p. 

Let us suppose that the connection wc have fixed on p : D ^ G is invariant with respect 
to the action of G on Z) by left multiplication. This is equivalent to the connection splitting 
s : TS — > Ds being G-equi variant, where the G-action on ds is given by 

g.{x,u) = {gx,Adg{u)), g & G, x & S, u E d. 

Infinitesimally, the equivariance of s becomes 

jCpi,){s{X)) + [v, s{X)]^ - s{[p{v),X]) =0, V X e X(5), V G g. (3.17) 
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Proposition 3.9 Suppose that the connection splitting s : TS — Ds is equivariant. Then (J+4>s 

defines an equivariantly closed 3-form on S. 

Proof: Let us first sliow that a is g-equi variant, i.e., a{[v,w]) = £.p(^y-^a{w). Note that 

£^(,)(c7H,X), = = {ji:p^,){s{X)),w)^. (3.18) 

On the other hand, Cp(^-^{a{w),X)^ = {^Cp(^-^a{w),X)^ + {w , s{[p{v) , X])) ^. Using (3.17) and 
the invariance of (•, we obtain 

^p{v){(y{w),X)^ = {Cp,^^){a{w)),X)^ + {Cp^^^){s{X)),w)^ - {s{X), [v,w\x>)^. 

Comparing with (3.18), the equivariance of a follows. 

Since d(j)s = 0, in order to check that a + is an equivariantly closed 3-form, it remains to 
prove that 

ip{v)(^{'") and ip^^)(f)s - da{v) = (3.19) 

The equation on the left is a consequence of the fact that qs sits in O5 = TS ®T*S as an 
isotropic subbundle. For the equation on the right, first note that 

d{a{v)){X,Y) = Cx{v.s{Y))^-Cy{v,s{X))^-{v,s{\X,Y]))^ 

= {v,Cx{s{Y))), - {v,Cy{s{X))), - {v,si[X,Y])),. (3.20) 

Using (3.12), we have 

cl>s{X,Y,p{v)) = {[s{X),s{Y)]ue,sipiv))), + {Cp^,^{s{X)),s{Y))^. 

Since sps = Id — pgS* and s is isotropic, we use (3.10) to write the previous expression as 

{Cx{s{Y)),v)^- {Cy{s{X)),v)^ + {[s{X),s{Y)]^,v)^- 

{[s{X), siY)]ae, P*sis*iv))), + (^(X)), s(y)>^. (3.21) 

Note that pairing (3.17) with s{Y) and using that s is isotropic and (•, •)g is invariant, we obtain 
that (£p(^)(s(X)), s(y))j| + {[s{X),s{Y)]x),v)^ = 0. On the other hand, using that ps o s = Id 
and that ps ■ C°°{S,D) —>■ X{S) is a Lie algebra homomorphism with respect to [•, ■]Lie, we have 

{[s{X),s{Y)]ue,P*s{s*iv)))^ = {s{[X,Y]),v),. 

Hence (3.21) agrees with (3.20), and this concludes the proof. □ 

The previous proposition could also be derived from the discussion in [9, Sec. 2.2]. 

For a Manin pair (f,fl), we have a short exact sequence associated with the inclusion g ^ 0, 

^ f ^ 0*. (3.22) 

Here the map on the right is the projection 1} ^ V/q after the identification D/q = g* induced 
by (•, Let us choose an isotropic splitting j : g* ^ 3 of this sequence, which amounts to 
the choice of an isotropic complement of g in t). In general, such a splitting j does not define a 
connection on p : D ^ S, but this happens under additional assumptions (see also [6]). 

Proposition 3.10 An isotropic splitting j : q* ^ d satisfying [g, i(g*)] C (i.e., Adg(j(g*)) C 

Jid*)) equivalent to an equivariant connection splitting s : TS Ds- 
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Proof: The right action of G on is generated by the vector fields u = dla{u), a ^ D. 

So dla{j{g*)), a & D, defines a horizontal distribution on the bundle p : D ^ S (which is 
automatically invariant under the action of G on D by left multiplication) . This distribution is 
invariant under the right G-action on D if and only if j(0*) is Ad(G)-invariant. On the other 
hand, if a given connection is left G-invariant, its horizontal distribution is left invariant, and we 
get an Ad(G)-invariant complement to g in t) by left translation of the horizontal distribution. □ 

Splittings j with the additional invariance of Prop. 3.10 may not exist in general, but they 
always exist if e.g. G is compact or semi-simple, see Remark 5.2. 

Given a Manin pair (0,0), Propositions 3.9 and 3.10 show that the choice of an isotropic 
complement f) of g satisfying [g, f)] C [) determines an equivariantly closed 3-form a + (f)s on S. 

4 D/G- valued moment maps via Dirac geometry 

In this section, we discuss a moment map theory associated with a Manin pair (f,fl) based on 
the additional choice of an isotropic connection on p : D ^ S = D/G. A different moment map 
theory [3], based on the choice of splitting j of (3.22), will be discussed in Section 5. 

4.1 The Hamiltonian category 

Let us fix a connection splitting s : TS ^ ds of the exact Courant algebroid ds- 

The Hamiltonian category (or moment map theory) associated with (f,5) and s is the 
Hamiltonian category of the Dirac manifold (5, L|., in the sense of Section 2.2: 

Msi^,9)-=MiS,L%,<p's)- (4.1) 

We can similarly consider the subcategory of presymplectic realizations, in which Hamiltonian 
spaces carry 2-forms rather than general Dirac structures: 

Ms{V,q):=M{S,L'sAs)- (4.2) 

^Prom Prop. 2.11, we obtain an explicit characterization of objects in A4s(t),0) only in terms of 
the forms ^|,<Ts, with no reference to Dirac structures. 
We refer to objects in M.s{^,9) as S-valued Hamiltonian g-spaces (or G-spaces if the 

action pM of Prop. 2.10 integrates to a G-action). 
The reduction procedure for strong Dirac maps in [10, Sec. 4.4] immediately leads to: 

Proposition 4.1 Consider a strong Dirac map J : {M,L) {S,Ls) defining an S-valued 
Hamiltonian G-space. Suppose y £ S is a regular value of J and the action of the isotropy group 
Gy on J~^{y) is free and proper, and let My := J~^{y)/Gy. Then: 

i) The backward image of L to J~^{y) is a smooth Dirac structure; 

a) The quotient My acquires a Poisson structure uniquely characterized by the fact that the 
quotient map J~^{y) — > My is f-Dirac; 

Hi) The reduced Poisson structure on My is symplectic if J is a presymplectic realization. 
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Given another connection splitting s' : TS — ^ Ds, we have (see Sec. A. 5) an induced twist 
2-form B G n'^{S), defined by 

B{X, psiv)) = {{s - s')iX), v)^, XeTS,veg. (4.3) 

The 2-form B relates L| and L|' by a gauge transformation: TB{Lg) = As an immediate 
consequence of Prop. 2.8, we have 

Proposition 4.2 // s and s' are isotropic splittings and B G 1)^(5') is as in (4.3), then the 
gauge transformation by B defines an isomorphism of categories 

which restricts to an isomorphism Msi^^s) — Ms'{0,9)- 

It is immediate to check that this functor preserves reduced spaces. 

^From the general theory of Section 2.2, wc know some canonical examples of Hamiltonian 
spaces associated with the Manin pair (f,0) and s. For example, the inclusion O ^ S oi a 
dressing orbit is a presymplectic realization with respect to the canonical 2-form uo, 

uJo{p{v),p{w)) = {a{v),p{w)). 

On the other hand, presymplectic groupoids Q = (G S,ujg) integrating Ls = 0x5' define 
presymplectic realizations (t,s) : Q — >S x S'°p. These examples will be illustrated in concrete 
situations in Sections 4.2 and 4.3. 

The remaining of this section presents a nontrivial object in Mg^si^ © f , © fl), i-e, an S" x S- 
valued Hamiltonian space: the Lie group D, equipped with the 2-form ud given by (3.9). 

Theorem 4.3 Consider the right principal G -bundle p : D ^ S = D/G and letp = po Inv, 
where Inv : D ^ D is the inversion map. Then 

{p,p) : {D,ujd)^{SxS,LsxLs) 

is a presymplectic realization, and the induced q x g-action on D is given by (n, v) ^ — vK 

The proof will follow from three lemmas. First, we compare the pull-back p*(t)s with the 
Cart an 3- form on D, 

As in Section 3.2, wc denote the connection 1-form on p : D ^ S associated with the connection 
splitting s by 6^ G n^{D,Q). 

Lemma 4.4 The following holds: 

P*icPs) = -cpD + \d{9'^,e)^. 

Proof: Note that using the wedge product, the Lie bracket on t) defines a graded Lie bracket 
[•, -jo on ^1*{D, d), while the nondegenerate pairing on d defines a pairing (•, •)g on Q*[D, 0). The 
de Rham differential d also extends to Q*{D,d). Let us consider the following operation: 

n'{D, 0) — y n'{D, t)), r] — y rj, 



18 



where fja{Xa) = Ada-i{r]a{Xa)), a E D. One can check that 

[rHU = [V, iv, do = iv, Oa, and dq = dJj - [6^, f}]^. (4.4) 

To prove the last formula in (4.4), one checks it directly when = / is of degree zero, and 
similarly when tj = df is exact of degree 1, and use the Leibniz identities to conclude that the 
formula holds in general. 

In order to simplify our notation, we will identify forms on S with forms on D via p*, so we 
will often abuse notation and denote p*r] simply by r/. With these conventions, formula (3.6) 
relating 9 and s becomes 

9 = 9^ -s. (4.5) 
By (3.7) and the first two properties in (4.4), we have 

Using (4.5) and the last property in (4.4), we can write 

^ {ds, ^x, = \ {{d9'', e'' - 9)t - {d9, 0^ - 9)r, - ([^^, - 9]^,, - 9)r,) . 

Note that {d9,9)^ = since 9 takes values in the isotropic subspace fl C t). Using the Maurer- 
Cartan equation d9^ = ^[9^,9^]x,, we obtain 

^{ds,s)^ = ^{[9\9%,9)r, - ^{[9^,9%,9'^U \{d0,9% - (4.6) 
Similarly, we have 

Adding up (4.6) and (4.7), we obtain 

-ct>D + \{[0'',e%e)^-^{d9,9% = -</,^ + l(d0^,e),-l(de,e^)5 

proving the lemma. □ 

The next result relates cod and a: 
Lemma 4.5 For all u e g, we have 

iu-ii^D) = P*{cr{u)), and - i^i{uJD) =P* {cf{u)), (4.8) 

where u'',u^ G X{D) are the left, right invariant vector fields determined by u. 
Proof: As a first step, we prove the following expression for lod- 

iOoiX, Y) = {dla{9{X)) - dr„(e(Inv(X))) - X, Y)^, ^aeD, X,Ye TaD. (4.9) 
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To prove this formula, we use (3.5) to write 

<^^,^>,(x,y) = (d/„-i(y),0(x)), = (x,y),-2(d/„^(x),y),. 

Using that drg^-i{X) = — dla(Inv(X)), we can use again (3.5) to write 

{e^,lny*e\{X,Y) = (dr„-i(X),e(Inv(F))),- (dr„-x(y),(?(Inv(X))), 

= -(Inv(X),Inv(y)), + (d/,(Inv(y)),0(Inv(X))),-(dr„-i(y),e(Inv(X))), 
= -(X,y),-2(dr„-i(y),e(Inv(X))),. 

Comparing with the original expression (3.9) for ud, formula (4.9) follows. 

We now prove the first equation in (4.8) (the second one follows by applying Inv*). For u E Q 
and X = Xa G TaD, we have (using (4.9)) that iu-riOD{X) equals 

-UD{X,un = {X- dU0{X)), drain)) ^ + (dr„0(Inv(X)), dr„(t.)),. 

Looking at the r.h.s., we see that the last term vanishes since g C is isotropic. By (3.6), we 
have that X — dlaO{X) = dras{dp{X)), which gives us 

iurUDiX) = {s{dp{X)),u)^=p*a{u){X), 

as desired. □ 

Finally, we will need 

Lemma 4.6 At each a & D, we have 

ker{LUD) n ker(dp) = {dla{u) \ ue g, 9{dra^{u)) = 0}, 
kev^LOo) n ker(dp) = {dra{v) \ v e g, 9{drav) = 0}. 

Proof: We prove the second one here. We have keT{dp)a = dra{Q)- By Lemma 4.5 it follows 
that, for u E g, dra{u) G kei{uD) if and only if p*a{u) = 0, i.e., 

{s{idp){X)),u)^ = 0, VXeTaD. 

Using (3.6), the previous equation implies that 

{X,dra{u))^ = {eiX),dl-^dra{u))^ 

and, using (3.5) to re-write the r.h.s of the last equation, we get the identity 

{X, draiu))^ = {X, dra{u))^ - {e{dra{u)), dla{X))^ VX G TaD, 

from which the statement follows. □ 

PROOF:(of Theorem 4.3) Since Inv*^^ = -9^, Inv*(j)D = -<j>D, and p* = Inv*p*, Lemma 4.4 
immediately implies that 

p*(pS+P*(l>S = -duD- (4.10) 
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Wc now prove that p is an f-Dirac map from D into S (and this automaticahy imphes that the 
same holds for p). It suffices to check that Ls is contained in the forward image of L = graph(u;£)) 
under p (since these bundles have equal rank), i.e., 

{{piu),a{u))\ueQ} C {{dp{X),P)\p*P = ixcvD}. 

But this follows since, for u £ g, p{u) = dp{u^) and, from Lemma 4.5, iu^{u}D) = P*{o'(u)). 
In order to conclude the proof of the theorem, it remains to check that 

ker(a;D) n ker(dp) D ker(dp) = 0. (4.11) 

This is a consequence of Lemma 4.6: li X £ TaD is in the triple intersection above, then 

X = dla{u) = dra{v), with e{dr-^{u)) = and e{dra{v)) = 0. 

Since ^ is a connection 1-form for the right G-action on D, we obtain u = 9{dla{u)) = 9{dra{v)) = 
0, and hence X = 0. □ 

Since a strong Dirac map preserves the kernels of the Dirac structures, it follows from Thm. 4.3 
that Ls is a Poisson structure on S if and only if lod is a symplectic form on D (which is only 
the case when (Tg '■ Qs ^ T*S is an isomorphism). 

Theorem 4.3 has the following interesting consequence: since D carries principal G-actions 
on the left and on the right (by left/right multiplication) which commute, the fact that {p,p) : 
D — > S X S is a presymplectic realization can be re-stated as saying that {D,ujd) defines a 
Morita equivalence between the Dirac manifold S and its opposite 5*°^ (i.e., a Morita equivalence 
of their s-simply-connected presymplectic groupoids in the sense of Xu [43, Sec. 4]). 

Proposition 4.7 Let J : (M, lo) ^ S be a presymplectic realization defining an S -valued Hamil- 
tonian G-space. Then 

1. The quotient {D X(p j) M)/G by the diagonal G-action is a smooth manifold. 

2. The pull-back of cod © {—'^) io the submanifold D x^^^j^ M "-^ D x M is basic with respect 
to the G-action. The quotient space {D X(p j) M)/G equipped with the resulting 2-form is 
denoted by D ®G M""^ . 

3. The map D ®g ~^ S, a® x ^ p(a) is a presymplectic realization making D ®q M°p 
into an S-valued Hamiltonian G-space. 

Moreover, this procedure defines a self-equivalence functor J^d on the category of S-valued Hamil- 
tonian G-spaces satisfying Tb o !Fd = Id. 

Proof: Since J : (M, a;) — 5 is a presymplectic realization, so is J : (M, —u) — S°^. Since 

S ^ {D,uj£)) is a Morita bimodule, Xu's Morita theory for presymplectic groupoids 

[43, Sec. 4] directly implies the assertions in parts 1, 2 and 3. The property J-d o — Id 

follows from the fact that the inverse of the bimodule S <^ {D,uj£)) 5'°p is the Morita 

bimodule >S'°p <^ {D, —cod) ^ S, which is isomorphic to S"^ ^ {D, —lod) S via the inversion 
Inv : D ^ D. Let us denote this last bimodule by D°^. Then 
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□ 



More generally, Proposition 4.7 holds for Hamiltonian spaces given by strong Dirac maps, not 
necessarily prcsymplectic realizations. The proposition shows that D induces an involution in 
the category of ^-valued Hamiltonian G-spaces, which we illustrate in examples below. 

4.2 Examples 

We now discuss various concrete examples of valued moment maps arising from specific 
choices of Manin pairs (t), g) and connection splittings s : TS — *• Ds- 

Example 4.8 (g*-valued moment maps) Let us consider the Manin pair (q t< of Ex- 

ample 3.1. In this case S = q* , and we have a canonical equivariant connection splitting 
s : Tfl* ^ (g e 0*) X g* given by 

s{l^x) = {{0,n),x). 

Then cr = Id : g x g* ^ T*g* = g x g*, and {Ls),j, = {(ad* (/x), it) | n G g}, G g*, is just the 
graph of the Lic-Poisson structure on g*. As we saw in Example 2.6, Aisid x g*)g) is simply 
the category of Poisson maps into g*, i.e., classical Hamiltonian g-spaces. 

More generally, one can consider Manin pairs coming from Lie bialgebras (see e.g. [27]). 

Example 4.9 (G*-valued moment maps) Let (g, g*) be a Lie bialgebra and D be its Drinfeld 
double (see Section 5.1). We consider the Manin pair (t), g), assuming that an extra completeness 
condition [27, Sec. 2.5] holds, as we now recall. 

Let D be the simply-connected Lie group integrating J), and G and G* be the simply-connected 
Lie groups integrating g and g*. respectively. The inclusion of g and g* into d integrate to Lie 
group homomorphisms ii : G ^ D and i2 G* ^ D, and we obtain a local diffeomorphism 

GxG*^D, {g,x)^ii{g)i2{x). (4.12) 

We further assume that this map is a global diffeomorphism. To simplify the notation, we identify 
G and G* with their images in D under the maps ii and 12- 

Any element in D can be written as gx or as x'g', for unique g,g' G G,x,x' £ G* . In this 
case, let us write x' = ^g{x). The map ip : G x G* G* , {g,x) i-^ Vgi^) defines a left action of 
G OIL G*, and it induces a diffeomorphism 

S = D/G^G*, [{g,x)]^ipg{x). 

Under this identification, the action of D on itself by left multiplication induces left actions of 
G* and G on S = G*: The G*-action is by left multiplication, whereas the G-action (i.e., the 
dressing action) is f. In particular, we have 

ps\,, -.Q* ^TG*, fi^^/. 

It follows that there is a canonical choice of connection splitting by 

s:TG*^X)s, V^^e^.{V^) = dr-\V^). (4.13) 

Here Tx denotes the right multiplication by x on the Lie group G* . The induced map CFg ■ Qs ^ 
T*G* is given by 

as{v) = [dr-^Tv. (4.14) 
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Note that s(TG*) = Q*g C ds is transversal to 35, hence the kernel of is trivial. It follows 

that the Dirac structure L| on G* is the graph of a Poisson structure ttg* {4>s = since 0* C () 
is a subalgebra) defined by 

7rl.{{dr-^rv) = p{v), ves. (4.15) 

This Poisson structure makes G* into the Poisson-Lie group dual to the one integrating 
Since Ls is Poisson, the 2-form lud on D is symplcctic, and (D,ud) is the Hciscnbcrg double (c.f. 
Example 4.16). The Hamiltonian category Ais{d,Q) in this example is the category of Poisson 
maps into G*, which are the Hamiltonian Poisson g-spaces in the sense of [28]. In particular, 
when the Hamiltonian space is symplectic, condition in) in Prop. 2.11 becomes Lu's moment 
map condition 

With the identifications D = G x G* and S = G* (as manifolds), the maps p,p : D ^ G* 
become 

P{9,x) = ipg{x), and p{g,x)=x~'^. 

A direct calculation shows that the involution J^d of Prop. 4.7 takes a Poisson map J : M ^ G* 
to InvG* o J : M°P — G* (where Invc* denotes the inversion map in G*). 

Note that the connection (4.13) is not equivariant in general, so it does not define an equiv- 
ariant 3-form (we will return to this issue in Section 4.3). 

Although a connection splitting s exists even without the extra completeness assumption 
made in Example 4.9, in general D/G will not be identified with G* and the choice of s is not 
canonical. 

For a special class of Lie bialgebras, there is a different choice of connection splitting which is 
equivariant and leads to a gauge equivalent (in the sense of Prop. 4.2) Hamiltonian category: 

Example 4.10 (P- valued moment maps) Let G be a connected, simply-connected compact 
Lie group. We fix an Ad-invariant, nondegenerate, symmetric bilinear form on g, and denote 

by {■,■)£ induced complex-bilinear form on g^. We view {d = 0^,0) as a Manin pair with 
respect to the pairing (•, = Jm(-, ■)^, given by the imaginary part of (•, •)£. By the Iwasawa 
decomposition, we can write 

g"^ = g e a e n, 

where = ^/^t (t is the Lie algebra of the maximal torus T C G) and n is the sum of positive 
root spaces. Then o©n is an isotropic complement of g in d. Since g* = o®n C f is a subalgebra, 
this defines a Lie bialgebra and we are in the context of Example 4.9. At the global level, we 
have the decomposition D = G^ = GAN, and G* = AN. 

In the present situation, however, one has another choice of isotropic complement of g C D, 
namely f) := ^/^Q. Note that f) is not a subalgebra, but it satisfies [g, f)] C f). From Prop. 3.10, 
we have an induced connection splitting which is equivariant (hence distinct from (4.13)). In 
order to get a simple explicit formula for the connection, we follow [5, Sec. 10] and choose a 
different realization of G'^/G. 

Let ^ : G'^ G'^ be the involution given by exponentiating the complex conjugation v v 
on g*^, and consider the map G'^ —> G^ given hy g ^ g"^ := {g~^y. Let 

P:={aeG^\a = a^}. 
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Then the map q : G'^ P, a ^ aa) , induces a diffeomorphism from G* = D/G to P, identifying 
the dressing G-action on G* with conjugation on P by G. Using that 

dqa = dZ„„t(Ad„c(0^c - O^c)), 

and /95 : — > TP, ps{u)a = dq(dra{u)) = drf^g^\{u) — dl^^]{u), one can find the explicit 
expression for the equivariant connection splitting induced by f) = 0- 

s':TP^X)s, X^^e^iX), (4.16) 

where 6p is the pull-back of 9^c to P ^ G^. The equivariant 3- form cr^/ -|- (f>g is given by 

aAu) = l{e^,u)^ = \ (^(-,^^-^) J = \ (^<.,^f + ^^>c) , 

for « G 0, and, using (3.7) and the Maurer-Cartan equation for 9^^-, we get 

The description of Hamiltonian spaces in Prop. 2.11 reproduces the original definition of P- 

valued moment maps in [5] (up to a factor of 2). By identifying G* and P (via q), we get 
two different connections splittings (4.13) and (4.16) for D = G*^ G* . By Prop. 4.2, the 
associated Hamiltonian categories are isomorphic by a gauge transformation, as explicitly shown 
in [5, Sec. 10.3]. 

Example 4.11 (G- valued moment maps) Consider the Manin pair (9©g,g) of Example 3.2, 
where g sits in g © g diagonally. The infinitesimal dressing action is 

P5 : (fl © fl) X G ^ TG, (u, v)^u'' - vK 

The antidiagonal in g © g gives an ad(g)-invariant isotropic complement of g, hence it defines an 
equivariant connection splitting s : TG ds, explicitly given by 

s{Xg) := (^\dr;\Xg),-^dl-\Xg)^ . 

The associated equivariant 3-form cr* -|- is defined by 

(^siu) = ^{9^ + e^,u)g, ueg, 

and the Cartan 3-form 0^ = -0g := -j2{[^^^^^]^^^)g (using (3.7)). Note that L| is exactly 
the Cartan-Dirac structure (2.9), and the conditions in Prop. 2.11 reproduce the defining axioms 
of quasi-Hamiltonian spaces in [5]. 

In this example, {D = G x G,uj£)), with p{a,b) = ab^^ and p{a,b) = a~^b, is easily seen to 
be isomorphic to the AMM-doublc of [5, Sec. 3.2] (under (a, 6) i-^ {a,b~^)). The involution J^jj 
sends a quasi-Hamiltonian space {M,uj,pM, J) to (M, — ct;,pM,InvG o J) (c.f. [5, Prop. 4.4]). 
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Example 4.12 (Symmetric-space valued moment maps) The symm^etric-space valued mo- 
ment maps of [25] naturally fit into the Dirac geometric framework of valued moment maps. 
The Manin symmetric Lie algebras in [25, Sec. 2] are examples of Manin pairs (3,0) equipped 
with an ad(g)-invariant isotropic complement of g, which by Prop. 3.10 define equivariant con- 
nection splittings. The associated equivariant 3-forms given by Prop. 3.9 agree with the moment 
forms of [25, Sec. 3], and the corresponding m,oment spaces are exactly the objects in 7V4s(t),fl). 

We will explain how all these moment map theories are related to quasi-Poisson geometry in 
Section 6. 

4.3 Presymplectic groupoids and doubles 

Let (0,g) be a Manin pair with the choice of a connection splitting s : TS ds, and let 

be the associated ^^-twisted Dirac structure on S = D/G. In this section, we will discuss the 
integration of the Dirac manifold {S,Ls,(l)s)- 

As remarked in Section 2.3, Ls is isomorphic, as a Lie algebroid, to the action algebroid 
Q t< S with respect to the dressing action. Hence, as integration of Ls, we can use the action 
groupoid G = G IK S. The source and target maps are given by s{g, x) = x, t{g, x) = g.x, and the 
multiplication is m{{g,x), {h,y)) = {gh,y). It remains to describe the 2-form u G 0?{Q) making 
it into a (^^■-twisted presymplectic groupoid integrating Ls- 

Consider A G C°°{Q,n'^{S)) given by (c.f. Section 2.3) 

X{v) = da{v) - ip{v)(t>S- (4.17) 

Using that a satisfies (2.12), 

cf{[u,v\) = Cp(^u)a{v) - ip{^)da{u) + ip{u)Ap{v)(t>S, u,v e Q, 
it is simple to check that A satisfies 

\{[u,v]) = Cp(u)Kv) - Cpl^)\{u), 

i.e., it is a 0^(5')-valued Lie algebra cocycle. That is, the map g — > fl x ^"^{S), v i— > {v,X{v)) is 
a Lie algebra homomorphism. 

Assume now that the cocycle (4.17) integrates to a Lie group cocycle, i.e. c G C°°{G, fP{S)) 
satisfying 

c{gh) = h*c{g)+c{h), 

where the pull-back h*c{g) is with respect to the dressing action of G on S. This happens e.g. 
if G is simply-connected. It follows from Prop. 3.9 that if s is equivariant, then (4.17) vanishes 
and c = 0. 

The next result follows from [12, Sec. 6.4] and gives an explicit formula for the multiplicative 
2-form integrating Ls- 

Proposition 4.13 The 2-form € il^(G x 5) integrating Ls is explicitly given by 

u,,,{{V,X),{V',X')) := {aAe^{V)),pAe^{V'))) + {a,{e^{V)),X')-{a,{9^{V%X) 

+{c{g),X AX'), (4.18) 

where V, V' € TgG, X, X' G T^S and 0^ G Q,^{G, g) is the left-invariant Maurer-Cartan 1-form. 
If s is equivariant, then c = 0. 



25 



As mentioned in Example 2.5, this 2-form uj on G x S makes it into a S x ^"P-valued Hamil- 
tonian G x G-space. This space is closely related to various well-known notions of "double" . 

Example 4.14 (Cotangent bundles) Let us consider the Manin pair (g,fl K g*) with con- 
nection s as in Example 4.8. Since the connection is invariant, the cocycle c vanishes and the 
2-form on G K g* of Prop. 4.18 reads 

u;g,^i{v,x), (y',x')) = (d/,-\y),ad*,_i(^,)(M)) + {di-\v),x') - {di-\v'),x) 

= f,i[0^iv),e^{v')]) + {e^iv),x') - {e^{v'),x), 

which is the canonical symplectic structure on r*G = G x g* (with identification via left trans- 
lations). 

Example 4.15 (AMM groupoid) For the Manin pair (g,g © g) with invariant connection s 
of Example 4.11, c = and the 2-form a; on G ix G can be directly computed to be 

u,,,{{v,x),{v',x')) = ^[{Adj^{v),e\v'))^-{Ad,e^{v%e\v))^ 

+{e^{v),e^{x'))^-{e\v'),e^{x))^ 
+{e^{v),e^{x'))^-{e^{v%e\x))^], 

which can be re-written more concisely as 

ug,, = \ (<Ad,K^^p^e^)^ + <p^e^p^(e^ + ^^)) j , 

where p\{g^ x) = g and "p^ig-, x) = x are the natural projections G x G ^ G. 

The presymplectic groupoid {Q = G xG,oo) is closely related to the double {D = G x G,lod) 
of Example 4.11: the change of coordinates D ^ Q, (a, 6) ^ {g = a,x = b~^a) identifies 
with io. (Under this identification, we have p = t and p = s~^, so D and Q are not identified as 
bimodules.) 

Example 4.16 (Heisenberg groupoid) Let us consider the case of a Lie bialgebra (g,g*) as 
in Example 4.9, where S = G* and the connection splitting s is (4.13). This connection is not 
equivariant in general, so one has to consider the 1-cocycle of (4.17): A(n) = da{u) (in this 
example, ^5 = 0). Explicitly, we have 

da{u){^^',u^) = C,r{{dr-^)*uy) - C,r{{dr-^fu,^i--) - {dr-^f u{[tx' y\) 
= -F{v){n,iy). 

Here j/", v^' are the right translations of G g* to TG*, and F : g — > g A g is the co-bracket 
(c.f. Section 5.1). The cocycle A G C°°{Q,n'^{G*)) is then given by 

X{u), = -{dr-'rF{u)eT:G*. 

We know that F:g^gAgisa 1-cocycle with respect to the adjoint representation, and there 
is a unique multiplicative bivector field ttq on G so that dl~^7TG : G ^ g A g is a 1-cocycle 
integrating F, see e.g. [22]. Hence the following 1-cocycle c G G°°(G, r2^(G*)) integrates A: 

c{9)x = -{dr-^ydlg^TTG, 
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and we get the following expression for the 2-form on G x G* integrating ttg* : 

-{e^iv'),e^{x)) - {di;'7rG,e^ix)A9^{x')), 

where we have used that {{dr-^)*{e^{V)), p.^{el^(V'))) = -{dr-^ncOgiV) A 9^{V')). 

The 2-form lo agrees with ujd in this example, so, as a symplectic manifold, the groupoid 
(G IX G*,uj) is the Heisenberg double {D = G x G*,ujd)- 

5 D/G- valued moment maps via quasi- Poisson geometry 

In this section we revisit the theory oi D/ G- valued moment maps in the context of quasi-Poisson 
actions following [3]. This theory has as starting point a Manin pair together with the 

choice of an isotropic complement of g in 5 or, cquivalcntly, an isotropic splitting j of (3.22). 
We refer to j) as a split Manin pair. We now observe that quasi-Poisson spaces, just 
as ordinary Poisson manifolds, can be understood in terms of Lie algebroids. This leads to 
refinements of results in [3] . 

5.1 Quasi-Poisson ^-spaces 

Let (0,g) be a Manin pair. Following Sections A.2 and A.3, we consider the exact sequence 

fl^f^r, (5.1) 

where l : q ^ d is the inclusion and l* is the projection d ^ d/g after the identification f /g = fl* 
induced by i-,-)^- The choice of an isotropic splitting j : Q* ^ d defines elements 

Fj-.Q — > A^g, and Xj e A^g (5.2) 

by the conditions 

Fj{i^,iy) = '-*([j(y")>jM]o), Xj{l^,^)=f{[j{l^),j{^)h), e 0*, 

see Sec. A.2. We will omit the subscript j whenever there is no risk of confusion. Using the 
isometric identification of (0, (•, •)j,) with (g ® g*, (•, •)(,„„) given by {t,j), the Lie bracket on 
takes the form: 

[{u,0),{v,0)]^ = {[u,v],0), (5.3) 
[{v,0),{0,fj:)], = (v(F(?;)),ad>), (5-4) 
[(0, /x), (0, u)]^ = (x(/x, z.), F*{fx, z/)), (5.5) 

for u,v £ Q and f^,l' E g*. 

As in Sec. A.3, we say that a triple {q,F,x) is a Lie quasi-bialgebra [7, 19] if the bracket 
defined by (5.3), (5.4), (5.5) is a Lie bracket, in which case (g©g*,g) is a split Manin pair. The 
resulting Lie algebra g © g* is the Drinfeld double [7] of the Lie quasi-bialgebra (g,F, x)- A 
Lie quasi-bialgebra with % = is called a Lie bialgebra, in which case F defines a Lie algebra 
structure on g*. Note that there is a 1-1 correspondence between split Manin pairs (f,g,i) and 
Lie quasi-bialgebras. 
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For a fixed isotropic splitting J : 0* — ^ f for tlic Manin pair (3,0), and denoting by (q,F,x) 
the corresponding Lie quasi-bialgebra, we define a quasi-Poisson 0-space [3] as a manifold 
M endowed with an infinitesimal action of g, denoted by pM '■ X(Af), and a bivector field 
TT G X^{M), such that 

^PMiv)'^ = -Pm{F{v)), for all v e g, (5.6) 
^[vr,7r] =pm(x), (5.7) 

where [•, •] is the Schouten bracket. If F = and x = 0, then (M, tt) is a Poisson manifold, and 
vr is invariant. In general F controls how tt fails to be invariant, whereas x controls how it fails 
to be integrable. 

Remark 5.1 A different isotropic splitting f, related to j by a twist t G A^g (i.e., j — f = t") 
leads, as discussed in Sec. A. 5 (see [3]), to a Lie quasi-bialgebra defined by 

F' = F + [t,-], x' = X-dF{t) + ^[t,t]. (5.8) 

If (M, tt) is a quasi-Poisson space for {g,F,x), then (M, tt') is a quasi-Poisson space for for the 
Lie quasi-bialgebra {q,F',x') [3], where 

tt' = Tr + pM{t). (5.9) 

Remark 5.2 The cobracket F associated with j is a cocycle with values in A^0 (see QO) in 
Sec. A.3), hence determines a class in H^{q, A^g). It follows from the first formula in (5.8) that 
this class does not depend on the splitting j. By (5.4), j has the property [0, j(g*)] C j{g*) if 
and only if F = 0, and such j exists if H^{q, A^0) = 0. 

Remark 5.3 (Global actions) One can similarly consider global quasi-Poisson G-actions, in 
which case the Lie quasi-bialgebra is replaced by its global counterpart, i.e., a quasi-Poisson 
Lie group [23] (which arise in connection with [19]). Since our main constructions do not 
require global actions, we will restrict ourselves to the infinitesimal picture. 

As shown in [3], the choice of an isotropic splitting j of (5.1) induces a bivector field vr^ on 
S = D/G, which makes S into a quasi-Poisson space with respect to the dressing 0-action. To 
define its, note that {ds,Qs) is a Manin pair over the manifold S (Sec. A. 2), and j induces a 
splitting of it. As in Sec. A.4, we have an associated bivector field its defined by 

7rl = pipsjr:T*S^TS, (5.10) 

where p = psi- If j' is another isotropic splitting and t is the associated twist, then tt^ = 
T^S + Psif). Let us consider the map 

aj = {psjr -.T^S-^QS. (5.11) 

(As usual, if there is no danger of confusion, we will drop the dependence on j in the notation 
and write simply a.) 
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Remark 5.4 To sec that vr^ agrees with the bivector defined in [3], consider the r-matrix 
r = r j G i) (8) f , given by x{u'^ ,v'^) = {jL*{u),v)^ for u,v G d (where u'^ ,v'^ G d* are the dual of 
u,v with respect to (•, •)o)- Note that t is not antisymmetric, since it satisfies 

r(n^,T;^)+r(i;^,«^) = (5.12) 

But ps{t) is a bivector field, and tts = —ps{x), 

Ps{tf = PS^^P*s = Psji'pl = -Pso" = -TT^, 

in accordance with [3]. 

Since pa = —a*p* (which is the skew-symmetry of tts), it follows that vr^ can be restricted 
to any orbit of the dressing action of G on S: for any such orbit O C S and any ^ G T*S with 
x G O and ^|r,o = 0, then p*(0 = 0. Hence 7r^(0 = 0. We denote by 

TTo G T{A^TO) 

the resulting bivector field. The next result follows directly from Prop. A. 3, and it was first 
proven in [3]. 

Proposition 5.5 (5, tt^) and {0,Tro) are quasi-Poisson spaces with respect to the dressing ac- 
tion of G on S. 

Let us compute a and tts in examples. 

Example 5.6 For a Lie bialgebra (5,5*), the inclusion g* g © g* is an obvious choice of 
isotropic splitting j. Since x = 0; the induced bivector 715 on 5 = is a Poisson structure 

in this case. In the context of Example 4.9, we have S = G* and ps\q*{p) = pT ^ so 

a{a) = {drx)*a, a G T*G* (5.13) 

and TTS is defined by 7r^(Q!)a; = p{dr*a), which agrees with (4.15). So the graph of tts is Ls, 
the Dirac structure of Example 4.9. The bialgebra in Example 3.1 is a particular case for which 
Ps\g* = Id, so = Id and 7r^('u)(/i) = p{u){p) = ad*(/Lt) is the usual Lie-Poisson structure. 

Example 5.7 For Example 3.2, we consider the isotropic splitting given by the anti-diagonal 
embedding, 

where /i G 0* and /x^ G g is its dual with respect to {■,-)gi i-e-, A* = il^^^')g- Then a simple 
computation shows that F = and % is given by 

X(M1,/^2,/X3) = ^([)"l,M2]>/^3)g> (5-14) 
i.e., X € is the Cartan trivector [3]. In this case, a : T*G — > g is given by 

^K) = l{idr; + di;){ag)r = i(dr,-i +dZ,-i)(ap, 
and the bivector field irg on S = G is 

7^s{dl;-^{^^),dl;M^)) = l((Ad,-i - Ad,)M^z^^>^, 
see [4]. Alternatively, if Cj is a basis for g and fj is the dual basis with respect to (•, then 
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5.2 The Lie algebroid of a quasi-Poisson g-space 

Wc now present the construction of a Lie algebroid associated with any quasi-Poisson space. 

If M is a manifold equipped with a bivector field tt, one has an induced bracket [•, -Jtt on the 
space of 1-forms on M, 

[a, I3]t, := /:^t(^a)P - ^nKfS)'^ ~ ^^(^^ /^)' (^-1^) 

for a,/3 G ri^(M). Then tt is a Poisson structure if and only if [•, ■]t^ satisfies the Jacobi identity, 
making T*M into a Lie algebroid with anchor tt" : r*M — ^ TM. The symplectic leaves of a 

Poisson manifold arc precisely the orbits of this Lie algebroid. 

Suppose now that M is equipped with a bivector field tt as well as an infinitesimal action 
PM ■■ Q — > TM. Consider the vector bundle A:= q® T*M, let 

r-.A^TM, r{v,a) := pMiv) +n^{a), (5.16) 

and consider the bracket on r(^) = C°°{M, g) n^{M) defined by 

[{u,0),{v,0)]a = {[u,v],0), (5.17) 
[{v,0),{0,a)]A = (-v*,^(„)(F(z;)),£^^(,)a), (5.18) 
[(0, a), (0, P)]a = (^pJ,(aA/3)X, PI), (5.19) 

for G Q^{M), and u,v G g, considered as constant sections in C°°(M, g) (the bracket 

is extended to general elements by the Leibniz rule). The main result in this section is the 
following: 

Theorem 5.8 (g ® T*M,r, [•,•]/!) is a Lie algebroid if and only if (M, tt) is a quasi-Poisson 
g-space with respect to the action pM '■ g X^{M). 

The Lie algebroid in Theorem 5.8 has as special cases the Lie algebroids previously introduced 
in [10] and [29], but our general proof follows a different approach. The following result is a 
direct consequence of Theorem 5.8. 

Corollary 5.9 On a quasi-Poisson Q-space (M, tt), the generalized distribution 

{pm{v) + J{a) I V G g, a G T*M} C TM (5.20) 

is integrable. 

The fact that (5.20) defines a singular foliation was first observed in [3, 4], but under the 
additional assumptions of existence of a moment map and that g is integrated by a compact Lie 
group. 

In the theory of quasi-Poisson spaces, a particular role is played by those with transitive Lie 
algebroid, i.e., 

TM = {pm{v) + 7r«(a) I t; G g, a G T*M}. (5.21) 

Note that, if the g-orbits are tangent to the distribution 'k\T*M), then this transitivity condition 
implies that the bivector field tt is nondegenerate (but this is not the case in general). 
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5.2.1 The proof of Theorem 5.8 

In this subsection we present the proof of Theorem 5.8; sec [11] for an alternative discussion. 

As recalled in Section A.l, describing a Lie algebroid structure on A = q(B T*M is equivalent 
to finding a degree-1 derivation dA '■ r(A*yl*) T{A*^^A*) satisfying d\ = [39]: the anchor r 
and bracket [•, -j^ are recovered by the conditions 

dAfia) = £,(a)/, (5.22) 

dA^ia, h) = Cr{a)m - c,^b)aa) - aia, tu), (5.23) 

for / G C°^(M), a, 6 G r(A) and ^ G r(^*). We now present a construction of a differential dA 
leading to the bracket defined by (5.17), (5.18) and (5.19). 

Let (g, F, x) be a Lie quasi-bialgcbra, and let X = (Bq^iX'^ be any graded commutative algebra. 
We consider the tensor product of graded commutative algebras Afl* (8) X, which is itself graded 
commutative with product 

(/Lt (g) x) • (z/ (g) y) := {-l)'^P'{iJ. Aiy)(S){x- y), 

for ^ X G APq* X", z/ y G A^'g* X"?', and grading (Ag* eg) X)^ = ®p+g=k A^ g* X?. We 
assume that X is equipped with an operator d : X* ^ X*+^ which is a derivation of degree 1, 

d{x ■ y) = dx ■ y + (— l)*x • dy, for x G X^, y G X* , 

but not necessarily squaring to zero. (The example to have in mind is when X* is given by 
multivector fields on M, and d = [vr, •] for a quasi- Poisson bivector vr, where [■, ■] is the Schouten 
bracket). We moreover assume that g acts on X* by derivations of degree 0, and that we are 
given a g-equivariant map 

^ : g ^ X^ (5.24) 

with respect to the adjoint action of g on itself. The map q induces an equivariant map of graded 
algebras A*g X* which we also denote by g. 

In this framework, one can define various derivations of Ag*g)X. First, the Chevalley-Eilenberg 
operator (i.e., the Lie algebra differential) of g with coefficients in X, 

9: A'g*®X'^A'+^g*0X', (5.25) 

is a derivation of Ag* (g X of degree 1. Second, we define 

d : A'g* g) X* ^ A*g* X*+^ (5.26) 

to be the unique derivation of Ag* (g X extending the operator d : X* — ^ X*"^^ and vanishing on 
Ag*. Finally, associated with F and X) we define 

dp : A'g* X* ^ A*g* ^ X*+^ and 5^ : A'g* ^ X* ^ A*" ^g* ^ X*+^ 

to be the unique derivations vanishing on X and defined on g* by the conditions 

dF:5*^d*®X\ dFl^{u) = -Q{i^{F{u))), ueg; (5.27) 

5^:g*^X^ d^fi = -g{i^x)- (5-28) 

We now consider the derivation 

S — d + dp + d^ + d: (Ag* X)' ^ (Ag* (g> X)'+^ (5.29) 

The following is a key example of this framework in which is a differential, i.e., 6^ = 0. 
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Lemma 5.10 Consider X = Ag, equipped with the adjoint action of g, and let g = Id : g g 
and d : A*g — > A*+^5 be the Lie algebra differential of the Lie bracket —F* : 5* A g* — > g* on g* . 
Then, under the canonical isomorphism Ag* ® Ag = A(g* © g), S is the Lie algebra differential 
of the Drinfeld double of the Lie quasi-bialgebra (g, —F, x). 

To prove the lemma, it suffices to compare how the derivation S defined by (5.29) and the Lie 
algebra differential act on elements in g* and g, and a direct computation using the definitions 

shows that they agree. 

Note that to check that 5^ = in general, it suffices to check that 5^ = on Ag* and X 
separately since, if /x x G A^g* (8) X^, we have 

5\lJ^x) = 6\fi)-{l^x) + {-ir+'6{fi)-d{x) + {-l)Pd{fi)-6{x) + 
{-lfP{fi(g)l)-6\x) 
= 5^(At) • (1 (g)x) + (//(g) 1) • (^^(x). 

Lemma 5.11 On X, S"^ = is equivalent to the conditions 

dd + dd + dpd = (5.30) 
d^d + = 0. (5.31) 

Proof: A direct computation shows that 

S'^ = dd + dd + dpd + d^d + d^ (5.32) 

on X, where we have used that dp and d^^ vanish on X and = 0. Splitting (5.32) according 
to degrees, one obtains (5.30) and (5.31). □ 

Let us now focus on the case where (X, [•,•]) is a Gerstenhaber algebra (see equations (A. 3), 
(A. 4) and (A. 5) in Sec.A.l for conventions) and that ^ : g — > is a Lie algebra homomorphism 
such that the g-action on X is given by 

V ■ X := [q{v),x\, V ^ g^ x ^X. (5.33) 

Lemma 5.12 For all x E X and v E g, the following holds: 

d^d{x) = -[g{x),x]; (5.34) 
{{dd + dd){x), v) = [Q{v),dx\ - d[Q{v), x] (5.35) 
{dpd{x),v) = [Q{F{v)),x]. (5.36) 

Proof: Let {ej} be a basis of g, and let {e*} be the dual basis. To prove (5.34), take x G X, 
and recall that 

5(x) =^e'(g)[^(eO,x], and {d{x),v) = [q{v),x\. (5.37) 
I 

By definition of t?^, we get 

d^dx = -^Q{i^ix)[Q{ei),x] = -^^XijkQ{ei)Q{ej)[Q{ek),x\, 

I i,j,k 
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where we have written x = Yl Xijk^i ^ ^ ^k- On the other hand, 

[e{x),x] =^Xijk[Q{ei)g{ej)g{ek),x] = S^XijkQ{ei)g{ej)[Q{ek),x], 

i^jyk iyj^k 

where the last equahty fohows from the graded Leibniz identity for [•,•]. This proves (5.34). 
^From the first formula in (5.37) and the derivation property of d, it follows that ddx = 

- X) e* ig) d{[g{ei), x]), and 

{ddx,v) = -'^Vid[g{ei),x] = -d[g{v),x]. 

The second equation in (5.37) implies that {ddx,v) = [g{v),dx], so (5.35) follows. 
To prove (5.36), note that, using (5.37) and the definition of dp, we have 

{dFd{x),v) =^g{i^iF{v))[g{ei),x] = 2^ F-^Vig{ej)[g{ek), x], 

I i,j,k 

where we have written F{v) = "Ylii j k-^jk^i^o ^ ^k- On the other hand, an application of the 
Leibniz identity yields 

[g{F{v)),x\ = ^F'jkVi[g{ej)g{ek),x\ = 2 ^ Fj>i^(ej)[^(efc), x], 

proving (5.36). □ 

If we further assume that the derivation d : X' ^ X*"*"^ has the form = [tt, •] for some fixed 
vr G X^, then combining (5.35) and (5.36), and using the graded Jacobi identity for [ , ], one 
checks that (5.30) is equivalent to 

[[g{v),T:],x\ = -[g{F{v)),x] for all x e X. (5.38) 

Another application of the graded Jacobi identity shows that d'^ = [^['n',T^], ■], so, using (5.34), 
one sees that (5.31) can be rewritten as 

^[[7r,7r],x] = [gix),x] for all x e X. (5.39) 

Let us now consider the specific situation where M is a manifold equipped with a bivcctor 
field vr G X'^{M) as well as an infinitesimal g-action pM '■ — >■ X^{M) (playing the role of g 
(5.24)). We use (5.33) to define a g-action on the Gerstenhaber algebra X*{M) of multivector 
fields, and consider the derivation (5.29) in this context, 

5 --d + dp + d^ + d: As* X{M) Ag* X{M), (5.40) 

with d = d.,^ = [tt, •]. 

Lemma 5.13 The action pu makes {M^ir) into a quasi-Poisson Q-space if and only if 6^ = 0. 

Proof: To prove the claim, as we have previously remarked, it suffices to show that (5^ = 
on Ag* and X{M) separately. Using Lemma 5.12, we saw that (5.31) is equivalent to (5.39), 
which is the same as 

TT[vr,7r] =pm(x) (5-41) 
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when X = X{M). Similarly, (5.30) is equivalent to 

[pMiv),7r]=-pM{F{v)). (5.42) 

It then follows from Lemma 5.11 that pM is a quasi-Poisson action if and only if 5^ = on j£(M). 
To finish the proof of the lemma, we will check that if (5^ = on X{M), then it automatically 

happens that = on Ag*, i.e., (5.40) squares to zero. 

Let 5^ denote the 5-operator (5.29) in the specific context of Lemma 5.10, and similarly for 
the derivations d^, cP, dp and d^. Consider the homomorphism 

^' : Ag* (g) Afl Aq* X(M), *(/x (g) t;) = (g) pm{v). 

We claim that (5.42) implies that 

^oS^ = So^. (5.43) 

Indeed, recall that (P = F on g. and condition (5.42) is equivalent to d-,^p{v) = pm{F{v)), i.e., 
"if o dP = (iTT o ^. One can immediately check that analogous relations automatically hold for d, 
dp and d^. For p^ v £ Ag* (g) Ag, we have 

5°(/x ®v) = dg{p) ®v + ^(e* Ap)®ei-v, 

i 

where {ej} is a basis of g, {e*} is the dual basis, and dg denotes the Lie algebra differential of g 
(with trivial coefficients). Using the equivariance of pM, we get 

^{d^{p ^ v)) = dg{p) pm{v) + f\p)®ei- pm{v) = d{p ® Pm{v)) = d{^{p «) v)). 

i 

To see that o = o v]/^ it suffices to check the equality on g*, and this follows directly 
from the definitions. One checks that o d^ = dy^o similarly. 
To check that (5^ = on Ag*, note that 

6{6{p (g Ix)) = m^^il^ ® 1))) = <^(V'(5°U ® 1))) = *((<^°)'U ^ 1)) = 
since {S^)^ = by Lemma 5.10. This completes the proof of the lemma. □ 

PROOF:(of Theorem 5.8) Since Ag* (g) X{M) can be identified with r(A(g* TM)), Lemma 
5.13 shows that pM defines a quasi-Poisson action on (M, tt) if and only if 5 (given by (5.40)) 

defines a Lie algcbroid structure on ^ = (g* © TM)* = g © T*M. To complete the proof of 
Theorem 5.8, it remains to compute the anchor and bracket of A using (5.22) and (5.23). 
Since dp and vanish on X{M), it follows that, for / G C~(M) = X°(M), we have 

Sf = df + d^f e (Ag* ® X{M))^ ^ C°°(M, g*) © X\M) = T{A*). 

For {v,a) G C°°(M,g) © n^{M) = T{A), a direct computation shows that 

Sf{v,a) = + 

and, using (5.22), we conclude that the anchor is given by (5.16). 
We now compute brackets. For a,b £ T{A), we write 

[a,b]A = {[a,b]i, [a,b]2), 
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with [a,b]i e C°^(M,0) and [a,b]2 G n^{M). The first case is when a = (u,0),6 = {v,0) G 
T{A), where u,v & g (considered as constant elements in C°°{M,q)). If ^ = (/U,0) G r(^*), 
/X G g*, then a direct computation shows that 6^{a,b) = dgiJ,{u,v) = —iJ,{[u,v]). From (5.23), it 
follows that 5^{a,b) = — /x([a, so [(u, 0), (f,0)]i = [u,v]. A similar computation shows that 
[{u,0),{v,0)]2=0, proving (5.17). 

Let G fl, a G Q^{M) and /x G 5*, and consider a = (m, 0),fe = (0, a) and ^ = (/i, 0). Using 
the definition of S, we obtain 

6^{a,b) = iaidpniu)) = -iaPM{ifiF{u)) = ^(i^.^(Q)F(u)). 

On the other hand, by (5.23), we have 6^{a,b) = —C{[a,b]) = — /x([a, 6]i), which implies that 
[a,b]i = —ip*^(^g^^F{u). To compute [a,6]2, let ^ = (0, X), where X G X^{M). Then one checks 
that S^{a,b) = a{[pM{u),X]). But, by (5.23), we have 

S^(a,b) = Cp^(^^)a{X) - ixi[a,b]2). 

So ix{[a,b]2) = Cpj^(^u)ix(x - i[pM{u),x]a = ix{Cpj^(u)Oi). This proves (5.18). 

In order to prove (5.19), let a = (0,a),6 = (0,/3), where a,/3 G 9}{M). If ^ = (/i,0), /x G fl*, 
then, by (5.23), we have 5^{a,b) = — /x([a, 6]i). On the other hand, 

(5^(a,6) = d^{n){a,(3) = -W/3(pm(vx)) = -/^(Vlr(«A/3)X)- 

It follows that [a, b]i = ip*^[aAi3)X- To compute the second component of [a, b], we let ^ = (0, X), 
X G X^(M). Then 5^(a,6) = d^X{a,/3) = W/3([7r,X]). By (5.23), 

ix{,[a,b]2) = /:^D(„)Zx/3-.C7rlt(/3)^XQ!- W/3([7I",X]) 

= ix^nt{a)P - ix^n^{p)a - (ZaA/3([7r, X]) - ^[^|t(a),x]/5 + «[7r»(/3),X]«) (5-44) 

On the other hand, ixd{Tr{a, (3)) = jCx{T^{a, P)) equals to 

(£x7r)(Q:,/?) +TT{Cxa,/3) +7r{a,Cxl3) = iaAp[X,Tr] + Vti(£^a)/? - V(i:x/3)"- 
Using that ir^Cxa) = [X,7r^{a)] - [X,7r]\a), it follows that 

ixd{Tr{a, (5)) = iaA/3([7r, X]) - i[^^a),x]l^ + ^[7rtt(/3),x]«- 
^From (5.44), we see that [0,6)2 = [Q;,/3]7r. □ 

5.3 The Hamiltonian category 

Let (f,fl,i) be a split Manin pair, so that g acquires the structure of a Lie quasi-bialgebra. Let 
Pm '■ X(M) be an action making (M, vr) into a quasi- Poisson g-space. A moment map [3] 
for this quasi- Poisson action is a smooth g-equivariant map 

J : M — > S = D/G 

with the property that 

7r« J* = pMa, (5.45) 

where a = a ^ : T*S — > qs is defined in (5.11). In this case we say that {M,-k, pM , J) is 
a Hamiltonian quasi- Poisson g-space with respect to the split Manin pair ((),g,j) (or, 
equivalently, the Lie quasi-bialgebra {Q,Fj,Xj))- If the g-action integrates to a G-action, we 

refer to a Hamiltonian quasi-Poisson G-space. 

Combining the equivariance of J and (5.45), we have that dJn^J* = pa = tt^^, i.e., J*7r = its- 
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Remark 5.14 If j' is another isotropic splitting and t G A^g is the associated twist, we saw in 
Remark 5.1 that (M, tt'), where tt' = vr + puit), is a quasi-Poisson space for {g, Fj/ ,Xj')- Since 

^j' = {pS o /)* = + o P*s, 

it follows that {'K'^^dJ* = (vr'' + pM{t)^)dJ* = {pu'^j + PAit^pl^dJ*) = pu^j', so the fact that 
Pm is Hamiltonian is independent of the choice of isotropic splitting. 

Remark 5.15 The moment map condition (5.45) is equivalent to the one in [3] using the notion 
of admissibility. An isotropic splitting j is called admissible [3, Sec. 3.4] if the restriction 
Ps\\)s '■ ^ TS is an isomorphism, where f) = j(0*). This is equivalent to the bundle map 
a : T*S Qs being an isomorphism, in which case the moment map condition (5.45) can be 
written as 

J{J*a-\v)) = pm{v), yv e g. (5.46) 

Since admissible sections always exist locally, a quasi-Poisson action is Hamiltonian if and only if 
it satisfies, possibly after a twist, (5.46) locally, which is the original definition in [3, Def. 5.1.1]. 

Example 5.16 A canonical example of a Hamiltonian quasi-Poisson action is given by the 
dressing G-action on S, in which case the moment map is the identity 5 — > S". This restricts to 
Hamiltonian actions on dressing orbits, with moment maps given by the inclusion maps O ^ S. 

We now have definitions parallel to those in Section 4.1: the Hamiltonian category (or 
moment m,ap theory) associated with a split Manin pair (f,0, j) is the category M.j{X),Q) whose 
objects are Hamiltonian quasi-Poisson g-spaces {Mjir, pM, J) (with respect to the Lie quasi- 
bialgebra (q, Fj,Xj)) and morphisms are smooth maps smooth maps / : M — > M' satisfying 
/*(7r) = vr' and J' f = J. We also consider the subcategory Aij{d,Q) consisting of Hamiltonian 
quasi-Poisson spaces with transitive Lie algebroids, i.e., satisfying (5.21). 

Example 5.17 Let us consider a Lie bialgebra as in Example 4.9, where S = G* has the 
Poisson structure ttc*- In this case, j is the inclusion g* ^ 0, and it is admissible (in the 
sense of Remark 5.15). As a result, the moment map condition (5.45) completely determines 
the action pM, and one can check that Aij(d,Q) is the category of Poisson maps into G* . The 
subcategory 7V4j(0,g) consists of Poisson maps M G* for which M carries a nondegenerate 
Poisson structure, i.e., M is symplectic. Comparing with the Hamiltonian categories associated 
with the connection s in Example 4.9, we see that aj = crj^ and we have natural identifications 

Ms{^,9) = Mj{d,5) and Ms{'ii,Q) = Mj{D,Q). 

Example 5.18 For the split Manin pair of Example 5.7, the objects in g) are the Hamil- 

tonian quasi-Poisson g-manifolds of [4, Sec. 2], i.e., manifolds M equipped with a g-action, an 
invariant bivector field tt satisfying |[7r,7r] = Pm{x) (where % is the Cartan trivector (5.14)), 
and an equivariant map J : M ^ G satisfying the moment map condition (5.45), which reads 

7r«J*(a) = lp^((0^ + ^^)a^), (5.47) 

where a G Q}{G) and G X{G) is dual to a with respect to the metric. Note that objects in 
M.j{X),Q) may still carry degenerate bivector fields, and the relationship between Hamiltonian 
spaces in M.j{p,Q) and M-siP-iQ) is now less evident. Nevertheless, as proven in [4, 10] (see 
also [2]), there is a (nontrivial) isomorphism A^j(0,g) = A^s(f)fl)) which will be explained and 
generalized in Section 6. 
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Just as different choices of connections give rise to gauge transformations (see Prop. 4.2), 
different choices of isotropic sphttings j, j' define a twist t £ A^g and, following Remarks 5.1 
and 5.14, the operation tt tt + pM(t) induces a functor Mj{d,Q) M-j'{d,Q). 

Proposition 5.19 Ifj and j' are two isotropic splittings ofD, then the associated twist t = j—j' 
defines a natural isomorphism: 

It:Mj{d,5)^Mjid,Q), (5.48) 
which restricts to an isomorphism of subcategories M.j{D,Q) = M.j'{T),g). 

Example 5.20 The Manin pair (g"--, g) of Example 4.10 admits two natural splittings j and 

one corresponds to the Lagrangian complement g* = a © n and the other to ^/—Tg C g^. For 
the splitting j one has Xj = 0, whereas, for j', Fji = 0. Prop. 5.19 establishes an isomorphism 
between the corresponding Hamiltonian categories. Notice that Hamiltonian spaces associated 
with j are Poisson manifolds for which the Poisson structure is generally not g-invariant, whereas 
for / Hamiltonian spaces carry g-invariant bivector fields which generally fail to be Poisson. 

We close this section with remarks about Hamiltonian reduction for Z?/G- valued moment 
maps in quasi-Poisson geometry. As proven in [4, Thm. 4.2.2], if (Af, vr) is a quasi-Poisson G- 
space, then conditions (5.7), (5.6) directly imply that the bracket defined by tt makes the space 
of G-invariant functions C°°{M)'^ into a Poisson algebra. In particular, the orbit space of M 
by the G-action is a Poisson manifold whenever the action is free and proper. 

Let us assume that we are in the Hamiltonian situation, i.e., there is a moment map J : M — >■ 

5 = D/G. 

Proposition 5.21 Let {M,Tr, pM , J) be a Hamiltonian quasi-Poisson G-space associated with 
(c),g,j). Let y £ S be a regular value for J, and let O be the dressing orbit through y. Then the 
G-invariant functions on J^^{0) form a Poisson algebra. (In particular, the quotient J~^{0)/G 
is a Poisson manifold whenever the G-action on J~^{0) is free and proper.) 

Proof: Let f,g£ G°°{J~''{0))^ , and let J,g be arbitrary extensions of / and^c/ to M. It 
suffices to check that i^idf ,dg)\j-i(^Q^ does not depend on the extensions. Since df{pM{v)) = 
over J~^(C'), we use the (adjoint of the) moment map condition, dJir^ = —'^*P*m, to see that 
-7r''((i/)| G TJ~^{0). Hence if 5|j-i(c)) = 0, we must have 7r(o(/, d^)| j-ij-^-j = 0. The fact 

that the bracket {/,<?} := 7r{df,dg) is a Poisson bracket on C°°{J-\0))'^ is a direct conse- 
quence of conditions (5.7) and (5.6). □ 

It is immediate to check that twists (5.48) keep reduced spaces unchanged. 

The proof of Prop. 5.21 shows that the restriction C°°{M)^ C'^{J~^{0))^ is a Poisson 
map. If the G-action on M is free and proper, it follows that J~^{0)/G sits in M/G as a 
Poisson submanifold. We will see in Section 6.4 that the symplectic leaves of J~^{0)/G are the 
projections of the leaves of the Lie algebroid associated with (M, tt) (in particular, the quotient 
is symplectic if the Lie algebroid of (M, vr) is transitive) . 

6 The equivalence of Hamiltonian categories 

We saw in Sections 4 and 5 two possible D/G- valued moment map theories associated with 
a Manin pair (f,g): one depends on the choice of an isotropic connection s on the G-bundle 
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D ^ G and leads to Dirac geometry (and equivariant 3- forms when s is invariant), and the other 
depends on the choice of an isotropic sphtting j of (3.22) and leads to quasi-Poisson geometry. 
In this section we will show that, when both s and j are chosen, there is an isomorphism between 
the corresponding Hamiltonian categories: 

Ms{^,9) ^Mjii),g). (6.1) 
6.1 The linear algebra of the equivalence 

We now recall the linear algebra underpinning the isomorphism (6.1), following [2, Sec. 1]. 

We consider the following set-up: V and W arc vector spaces, and J : V ^ W is a linear 
map. The vector space W is equipped with two transversal Dirac structures, i.e., two maximal 
isotropic subspaces Lw,Cw C W := W (B W* such that Lw n Cw = {0}. In particular, 
W = Lw © Cw- Let us consider the following two sets of additional data: 

i) A Dirac structure L on F so that J : V ^ W is a strong Dirac map with respect to Lw- 
Lw = {{J{v), P) I {v, rp) e L}, ker( J) nLnV = {0}. 

ii) A bivector tt G A^V and a linear map pv ■ Lw —>■ V such that 

J o pv = pr^y, o J* = Pv o a, (6.2) 

where pr^^ : W ^ 1^ is the natural projection, and a : W* — = Lw is the linear map 
dual to pr^lcvK : Cw W. 

Recall that, given a strong Dirac map J : (V, L) — {W, Lw), there is an induced linear map (see 
Section 2.2) 

Pv : Lw ^ V, pv{w, (3) = V, (6.3) 

where v in uniquely defined by the properties J{v) = w, and {v, J*/3) G L. Also, a pair of 
transversal Dirac structures L,C C V (BV* defines a bivector tt G A^V (see Section A. 4) by 

7r«=pr^o(pr^|c)*. (6.4) 

Theorem 6.1 Let Lw,Cw be transversal Dirac structures on W, and let J : V ^ W be a 
linear map. The following holds: 

1. Consider L as in i), and let C (ZV ®V* he the backward image of Cw by J . Then L, C 
are transversal Dirac structures on V, and the induced map pv (6.3) and bivector vr (6.4) 
satisfy (6.2). 

2. Consider pv and tt as in ii). Then the image of the map 

Lw®V* ^V®V*, {I, a) ^ {J{a) + pv{l), J*Pt:w.{1) + a - J*pTw*Pvia)) 

is a Dirac structure L on V for which J : {V, L) [W, Lw) is a strong Dirac map. 

Moreover, these constructions are inverses of each other. 

A proof of Thm. 6.1 can be found in [2, Sec. 1.8]. 
The correspondence in Theorem 6.1 is also functorial: 
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Proposition 6.2 Let Ji : {V,Li) (W, Lw) be a strong Dirac map, i = 1,2, and let f : Vi ^ 
V2 be a linear map which is f-Dirac and satisfies Ji = J20 J ■ Then f o py^ = py^ and /*7ri = 712- 
Conversely, suppose that iri G A^Vi and py^ : Lw — > Vi satisfy (6.2), i = 1,2. Then if 
f : Vi ^ V2 is such that /*7ri = Tr2, J2° f = J\ and f o py^ = py^, then f is an f-Dirac map. 

Proof: For the first part, the property / o py^ = py^ is a direct consequence of / being an 
f-Dirac map. Let Cj be the backward image of Cw by Ji, i = 1,2. Then L2 is the forward image 
of Li by / while Ci is the backward image of C2 by /, using that Ji = J2 o /. This impHes that 
/*7ri = 7r2, see [2, Sec. 1.8]. 

To prove the second part, we use that / o (tti)" o /* = (172)'^ and f o pvi = PV2 to conclude that 

{'K2f{a)+py,{l) = fo{'K{f*{a) + py,{l)). (6.5) 
On the other hand, the conditions JI = f*J2 and Py^f* = py^ imply that 

/*(<^2Priy*(0 + " - •^2Priy*Pv2(«)) = JlP^V*0■) + /*" " JiPT^w*PvAf*^)- (6-6) 

Note that (6.5) and (6.6) together say that L2 is contained in the forward image of Li. Since 
both have the same dimension, they must coincide, so / is an f-Dirac map. □ 



6.2 Combining splittings 

Let {d, 0) be a Manin pair, and fix splittings s : TS ds and j : g* ^ f . We denote by (5, F, x) 
the Lie quasi-bialgebra determined by j. We have the induced maps 

cr = 0-5 : 05 — T*S, a = s* o L and a = aj : T*S — 0, = j* o p*g, 

already considered in Sections 4 and 5. We have another map, which depends on both s and j, 
given by 

■p = -p,y.TS^Qs, P = fos. (6.7) 

We represent the two short exact sequences associated with (0,0) and the maps defined by the 
splittings in the diagram below: 




T*S > TS 

1 s 

3 

5s 

Decomposing ps and s (and their duals) with respect to t) = © 0*, we get: 

s = (p,o-*),s* = {a,p*),ps = {p,a*),p*s = {a,p*), 

where we always identify 5 = 5* via the inner product. Using that the vertical and horizontal se- 
quences are short exact, one obtains algebraic identities relating the various maps. In particular, 
we have 

ap = -p*a*, op* = -op*, aa + pp = Idg, aa + (pp)* = Idr'S- (6-9) 
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Since (ps, s*) : ds T5' is an isomorphism of Courant algebroids (where TS is equipped with 
the 05-twisted Courant bracket, and (ps is given by (3.11)), we immediately obtain (besides 
(2.12)) the differential-geometric identities: 

^p{v){p*f^) - iw*fj.dcr{v) +ip(^^,);^^*^{(t)s) = a{i^{F{v))) +p*{adl{^i)), (6.10) 
^w*i^{p*^) -ia*vd{p*p) + ia*,j,A,a*Ms) = (^{ii^Auix)) + P* {F* {n, 1^)), (6.11) 

where u,v E Q, iijV E Q*. 

We know that s defines an isomorphism ds = TS, and the Dirac structure Ls on S is just g 
under this identification. The additional splitting j defines an isotropic complement g* C to 
0, and we let Cs be its image in TS: 

Cs:={iipsoj)ip),is*oj){,,)), pes*}. (6.12) 

Note that Cs is an almost Dirac structure which depends both on s and j. The pair Ls, Cs C 
TS" defines a Lie quasi-bialgebroid structure, which determines elements xs £ r(A^L5) and 
: T{Cs) A T{Cs) r(C5) (see Sec. A.3). Under the identification ^ Cs, it is clear that 

XsiP-l, 1^2, P3) = X(m,M2,/^3), Fs{pi,P2) = F*{pi,p2), 

where p\,p2,Pz € Q* (viewed as constant sections of Cg = (Ls)*), and this completely deter- 
mines Fs and xs- The bivector field associated with Ls,Cs (as in Sec. A.4) is just its (5.10). 

6.3 The equivalence theorem 

Let (f,fl) be a Manin pair with fixed s : TS Ds and j Q* ^ f, as in Section 6.2. As we saw, 
S = D/G inherits a Dirac structure Ls and an almost Dirac complement Cg- We now use the 
linear construction of Section 6.1 pointwise to define the isomorphism (6.1). 

Given a Hamiltonian quasi- Poisson g-space {M,tt,pm,J) (with respect to the Lie quasi- 
bialgebra {q,F,x) defined by j), let us consider the maps 

pM-m = QxM — > TM, V ^ ipM{v), J*(t{v)), (6.13) 
h:T*M — >TM, (7r*(a),(l -r*)a), (6.14) 

where T = pMp{dJ) : TM TM. The next result generalizes [10, Thm. 3.16], using the 
techniques in [2]. 

Theorem 6.3 The following holds: 

i) Let J : {M,L) {S,Ls) be a strong Dirac map, and let pM '■ g X{M) he the induced 
g-action (as in Prop. 2.10). Then the pull-hack image C C TM of Cs under J is a smooth 
almost Dirac structure transversal to L, and the bivector field tt G (M) associated with 
L and C is such that {M,Tr, pM, J) is a Hamiltonian quasi-Poisson Q-space. 

a) Let {M,Tr, pm, J) be a Hamiltonian quasi-Poisson Q-space and consider the maps pM and 
h from (6.13) and (6.14). Then 

L := {pm{v) + h{a) \ veQM, ae T*M} C TM, (6.15) 

is a Dirac structure for which J : (M, L) — > (S, Ls) is a strong Dirac map. 
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Moreover, one construction is the inverse of the other. 

Proof: Let us prove i). The fact that the backward image C of C5 under J is smooth 
and transversal to L is shown in [2, Sec. 2.3]. Hence the pair L,C C TM defines a Lie quasi- 
bialgebroid over M. We denote the associated 3-tensor by xm £ r(A^L) and cobracket by 
Fm : r(L) r(L) A r(L), and let dc be the degree-1 derivation on r(AL) defined by C ^ L* 
(see Sec. A. 2). 

Lemma 6.4 Let {q,F,x) be the Lie quasi-bialgebra determined by j. Then 

Pm{x) = XM, and pm{F{v)) = -dc{pM{v)), € Q, (6.16) 
where pM '■ Ag — r(AL) is the extension of (2.15) to exterior algebras. 

Proof: (of Lemma 6.4) The proof of the equation relating x and Xm can be found in [2, 
Sec. 2]. Wc give here an alternative argument which also proves the second equation in (6.16). 

Let us consider the bundle map (2.8), pM ■ J*Ls L, induced by J, and its dual p^ : 
C J*Cs, where we identify L* = C and L'g = Cs- It is clear from the definitions that 
{Y,/3) G J*Ls is J-related to pM{y,P)', similarly, given {X,a) G C at a point x G M, there 
exists (a unique) /i G Q* such that a = J*s*{p), and ^(X, a) = {ps{p), s*{p)), so (X, a) and 
p^{X,a) are J-rclatcd. Given a section of C extending {X,a), then /O^(C') is a section of 
J*Cs = J*9*s, but if J has locally constant rank at x, we can extend P*m{C') to a (local) section 
C = /X of C5 = 0^, which is necessarily J-related to C,'. It directly follows from Lemma 2.1 that 
XsiCi, C2, Cs) = Xm(Ci, C2> Cs)' which means that pm{x) = Xm at x. Similarly, 

PM{Fiv))iC[{x),C!,{x)) = {«,[/xi(J(x)),/X2(J(x))],), 

= {V, ICl,C2li))B - Cps(f,^{J{^))){p2{v)) + £.ps(f,^{J{a:)){Pl{v)), 

where we used that g* C is isotropic to conclude that {Cp^^^pi, P2) ^ = 0. On the other hand, 

dc{pM{v))iCi,C2) = ^Xi{C2,Pm{v)) - £x2{C'i,Pm{v)) - {pm{v), [Ci,C21j*</.s>' 

and the fact that pm{F{v)) = —dc{pM{v)) at x is again a direct consequence of Lemma 2.1. 
Since the points 2; G M where J has locally constant rank forms an open, dense subset, we 
conclude that the equalities in (6.16) hold everywhere in M. □ 

Let vr be the bivcctor field on M associated with the Lie quasi-bialgebroid defined by L, C (as 
in Sec. A.4), and consider the g-action pM induced by J. Then Lemma 6.4 and Prop. A.3 give 

^[7r,7r] = V^TuiXM) = PT^TMimix)) = Pm(x) 

and, for v G fl, 

^pm{v)^ = P^TAiidcipMiv))) = -prTM{p{F{v))) = -pm{F{v)). 

The moment map condition and the g-equivariance of J follow from Thm. 6.1, part 1. Hence 
(M, TT, PM, J) is a Hamiltonian quasi-Poisson g-space, finishing the proof of i). 

We now prove ii). Given a Hamiltonian quasi-Poisson g-space {M,Tr, pM, J), it follows from 
part 2 of Thm. 6.1 that the subbundle L C TM defined in (6.15) is an almost Dirac structure, 
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and {dJ)x ■ TMx TSj(^x) is a strong Dirac map relative to L and Ls at all x G M. We let C 
be the almost Dirac structure given by the pullback image of Cs under J. Then L and C are 
transversal almost Dirac structures (see e.g. [2, Sec. 1.7]). A direct computation shows that the 
bundle map h of (6.14) agrees with the dual of pr^^ji^lc : C — TM, 

h={wTM\cY ■.T*M^C*^L, (6.17) 

and hence the bivector field associated with -L,C, defined by {wtm\l) ° (p^'tmIc)* '■ T*M —> 
TM, is vr. To prove ii), it remains to check that L is a J*^5-twisted Dirac structure, i.e., 
that the associated 3-tensor x'm ^ r(A^C), Xm(^1'^2,^3) = {\!-i,h\j*(t>s^h), vanishes for all 

Lemma 6.5 Let |-,-] denote the J* 4>s -twisted Courant bracket on TM. Then 

Ipm{u),pm{v)} = Pm{[u,v]), foru,v£Q. (6.18) 
{{hiai), /i(q2)1, Mas)) = 0, for a, en\M), i = 1, 2, 3. (6.19) 
Ipm{v), h{a)} = -pM{ipi^ia)F{v)) + h{Cp^^^)a), for a G n\M), v e q. (6.20) 

PROOF:(of Lemma 6.5) To prove (6.18), we have to show that 

J*a{[u,v]) =£^^,^(„)(JV('y)) -ip^^(^)0?(JV(n)) +ip^^(„)^p^,^(„)(J>s). 

Using the equivariance of J, dJ o pj^ = p, we see that this equation is just the pull-back by J 
of condition (2.12) for a. 

To prove (6.19), we use (6.17) to see that (6.19) is equivalent to the condition pr^MlXM) ~ ^■ 
A computation as in Prop. A. 3 (see [2, Sec. 2] for an alternative argument) shows that the 
bivector field associated with the transversal almost Dirac structures L and C, which is just vr, 
satisfies |[7r, tt] = pr7^M(XM) +pi'rM(XM)- follows that PTj'j^^{x'm) ~ ^ since, by assumption, 
^[7r,7r] = pm(x) = prTM(XM)- 

We now prove equation (6.20). The TM-component of this equation gives 

'^pmM^"(") = PM{-ipi^{a)F{v)) + TT^{Cp^^^)a). (6.21) 
Using the condition Cpj^j(^^-^-K = —pm{F{v)), we see that the identity 

'^pmM(^("'^)) = i^PM{v)T^)i'^'(^) +'^i^PM{v)(^^l^) +'^i'^'^PM{v)P)^ 
can be re-written as 

'^PmMI^I"'/^)) = -WM(Vlf(a)^(^)) +^/3^''(^PmM«) + V«(a)'CpJ^^W/5• 
Using the identity i^ti(„)/:p^^(^)/3 = -i^/:p^(„)7rf (a) + £p^^(^)i/37rf (a) (which is an application of 
the general identity i[x,Y] = ^xiy — iyCx)-, equation (6.21) immediately follows. 
The r*M-component of equation (6.20) is equivalent to 

'^*^pm{v){oi) - Cp^^^){T*a) = i^i^,rd{(j{v)) - J* a{ip*^^aF{v)) - ipj,j(v)AnHa)iJ*(Ps) 

= J*{-i-^*pda{v) - a{ipF{v)) + ip{v)Aap.(t^s), (6.22) 

where, for the second equality, we used the g-equivariance of pMi the moment map condition 
dJ-Tr" = -o*p*f^ and the notation p, = p^(a) G C°°(M,fl*). 
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Evaluating the left-hand side of (6.22) on a vector field X G X{M), we obtain 

-{a,[pM{v),T{X)]) + {a,T{[pM{v),X])) = -{a, pM{[v,pdJiX)] + £p^,^{pdJ{X)))) 

+{p,pdJi[pM{v),X])), 

where we have used that pM preserves the Lie algebroid bracket on qs- So, at each point, (6.22) 
evaluated at X becomes: 

{fi,-[v,p{dJ{X))],- £^^,)pdJiX) +p{dJ{[pM{v),X]))) = 
{-ia*^ida{v) - (T{ii^F{v)) + ip(^^)/^^(^i^)(l)s,dJ{X)). 

Since this equation makes sense for all fi and is C°°(M)-linear on p,, it suffices to assume p €z Q* 
to be constant in order to prove this identity. Using (6.10), the identity to be proven becomes: 

{p,-[v,pdJ{X)]g- jCp^,)pdJ{X) +pdJ{[pMiv),X])) = (^*ad>-£^(„)(p*(/x)),dJ(X)>. 

(6.23) 

Let us consider the left-hand side of (6.23). Noticing that p G ^l^{S,g), we have the identity 

rpi[PM{v),x]) = Cp^^,)j*p{x) - Cxrp{PM{v)) - d{rp){pM{v),x). 

Using that dJ{pM{v)) = p{v), it follows from this identity that the left-hand side of (6.23) can 
be re-written as 

{p, -[v,pdJ{X)]g - £dj{x)p{p{v)) - dp{p{v),dJ{X))), 

from where it becomes clear that it depends on dJ{X) only pointwise, not locally. In particular, 
it makes sense to replace dJ{X) by an arbitrary vector field V on S. So in order to prove (6.23), 
it suffices to prove the identity 

{p, -[v,nV)]^ - Cv^Piv)) - dpipiv), V)) = (rad> - /:p(,)(p», V), (6.24) 

for all V e X{S). Now note that {p*adl{p),V) = {p, [p{V),v]g) and 

{C,^,){rp),V) = C,(,^{p,p{V))-{p*{p),[piv),V]) 
= {p,C,(.,)p{V)-pi[p{v),V])) 

= {p,Cvl}{p{v))+dp{p{v),V)), (6.25) 

where for the last equality we used that d:p{U, V) = Cup{V) - Cvp{U) - p{[U, V]). Now (6.24) 
follows directly. □ 

To conclude that L is integrable with respect to the J* (ps -twisted Courant bracket, we must 
check that Xm(^1' ^3) = (Pi) ^2!, ^3) vanishes for all li,l2, h £ r(L). Clearly, it suffices to check 
this condition when each Zj is of the form p{vi) or h{ai), for Vi e Q and aj G T*M. 

^From (6.18), we obtain that {lhih},h) = if any two of the /j's are of the form pM{vi)- 
Equation (6.19) gives ([Zi, /2], ^3) = when each li is of the form h{ai). The case where only two 
of the l[s are of type h{ai) follows from (6.20). This concludes the proof of part ii) of Thm. 6.3. 

□ 
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The constructions in parts i) and ii) of Thm. 6.3 are functorial as a consequence of Prop. 6.2. 
In particular, Thm. 6.3, part i), defines a functor 

I :Ms{^,9) ^Mj{T),g), (6.26) 

which establishes the desired isomorphism of Hamiltonian categories; its inverse is given by the 
functor Aij{d,Q) -M-si^^d) constructed in part ii). 

We have the following characterization of the quasi-Poisson bivector field tt constructed in 
Thm. 6.3, part i) (c.f. [10, Prop. 3.20]): 

Corollary 6.6 Let J : (M, L) — > [S, Ls) be a strong Dirac map, and let pM ■ X{M) be the 
induced Q-action. The associated quasi-Poisson bivector field tt is uniquely determined by the 
following conditions: given a G T*M , then 

dJ(7r»(a)) = -a*p*M{a), (7r«(a), (Id - T*)a) e L. (6.27) 

Proof: The first condition in (6.27) is just (the dual of) the moment map condition for 
the quasi-Poisson action, whereas the second condition is just saying that L contains the im- 
age of h given by (6.14). These conditions uniquely define 7r''(a) as a direct consequence of 
ker((iJ) nlnTM = {0}. □ 



6.4 Properties and examples 

We keep considering a Manin pair (O, g) together with the choice of splittings s and j. We now 
discuss several properties of the functor I given in (6.26). 

Foliations 

Given a Hamiltonian quasi-Poisson g-space {M,?:, pM, J), its associated Dirac structure L is 
given by (6.15). The presymplectic foliation of L is tangent to the distribution 

piTMiL) = {pMiv) +Jia),ves,ae T*M} = Im(r), 

where r, given in (5.16), is the anchor of the Lie algebroid associated with the quasi-Poisson 
action. In other words, the presymplectic foliation of (M, L) coincides with the orbit foliation of 
the Lie algebroid of the quasi-Poisson structure. In particular, the functor I takes presymplectic 
realizations to quasi-Poisson spaces with transitive Lie algebroids: 

Corollary 6.7 The functor I restricts to an isomorphism of subcategories 

I:Ms{-0,g)^Mj{-0,g). 

Example 6.8 We saw that S has a bivector field vrg, tt^ = paj (depending on j) which makes 
it into a Hamiltonian quasi-Poisson g-space with respect to the dressing action and with J = Id 
as moment map. It is easy to check from the explicit formula (6.15) that the associated Dirac 
structure is just Ls defined in (2.14). Moreover, the functor I takes each dressing orbit {0,U!o), 
viewed as a presymplectic leaf of Lg, to (0,-ko), where ttq is the restriction of ns to O. 
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Trivial equivalences 

Given a Hamiltonian quasi-Poisson g-space {M,Tr, pM , J), it may happen that the graph of tt 
already defines a Dirac structure, in such a way tliat the functor I is just the identity. Prom 
(6.15), we see that this is the case if and only if the following two conditions hold: 

TT* o {J*a) = pM, and tt^oT* = 0. (6.28) 

Example 6.9 Let us consider the G*-valued moment maps of Example 4.9. By (4.14) and 
(5.13), we know that as = ^J^^ so the moment map condition (5.45) is exactly the first equation 
in (6.28). In this example, p = (hence T = 0), so the second condition in (6.28) is also fulfilled. 
So the functor X produces no changes on the geometrical structures, as already remarked in 
Example 5.17. 

Note that the conditions in (6.28) do not hold in the case of G-valued moment maps; in this 
case, the functor I is nontrivial, and the correspondence it establishes recovers [4, Thm. 10.3] 
and [10, Thm. 3.16]. 

Dependence on splittings 

The functor 2 is determined by the splittings s and j, and we write I^^'^') to make this dependence 
explicit. Let s' be another connection splitting, and consider the 2-form B € ^2^(5), defined in 
(4.3), and the associated gauge transformation functor of Prop. 4.2. Similarly, given another 
splitting j', let t G A^g be the associated twist: = j — / : g* — g. Then we have the functor 
It of Prop. 5.19. 

Proposition 6.10 The dependence of the functor I on the choice of splittings is as follows: 

2{s,j) ^ j-{s',j) Q j^^ j(sj') ^j^^ jis,j)_ 

Proof: It follows from the definition of B that — a*' = —ip^j^y-^B, hence 

Li = TB{L^s), and C^'-^' = rs(C^'^). 

On the other hand, the pull-back images of Cg-' and TBiCg-') under J, denoted by C and 
C", satisfy C = tj*b{C). A direct computation shows that the bivector field associated with 
L,C is the same as the bivector field associated with tj*b{L),tj*b{C), and this proves that 

For the second identity, we note that if i G A^g = A^L^ is a twist relating C|'"' and Cg-' , then 
the twist relating their pull-back images under J is puit). The result now follows from part 3 
of Prop. A.4. □ 



Hamiltonian vector fields and reduction 

We now discuss the behavior of Hamiltonian vector fields and reduced spaces under the equiva- 
lence functor T. 

Given a Dirac manifold (M, L), we call a smooth function / on M admissible [16] if there 
exists a vector field X G X{M) such that (X,df) G L. In this case X is a Hamiltonian 
vector field for /, though X is not uniquely defined by this property in general. The set of 
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admissible functions is a Poisson algebra, with Poisson bracket {f,g}L '■= ^Xfd, where Xf is 
any Hamiltonian vector field for /. We now consider Hamiltonian spaces in A1s(t),g). 

Proposition 6.11 Let J : {M,L) {S,Ls) be a strong Dirac map, let pM be the induced 
Q-action. Then any Q-invariant function f is admissible and has a distinguished Hamiltonian 
vector field Xf uniquely determined by the extra condition dJ{Xf) = 0. In particular, C°^(M)8 
is a Poisson algebra. 

Proof: Using the isotropic splitting j of let tt be the quasi-Poisson bivector associated 

with L and j via X. If / is g-invariant, then T*df = 0, so the vector field Xf := 'K^{df) G X(M) 
satisfies h{df) = {Xf,df) € L (where h is defined in (6.14)), i.e., it is a Hamiltonian vector 
field. Also, dJ{Xf) = —W*p*^^{df) = 0. Finally, note that there is at most one vector field with 
these properties, since ker(L) n keic{dJ) = {0} (in particular, Xf is independent of the splitting 
j defining tt). If / and g are fl-invariant, property (5.6) for the quasi-Poisson bivector field tt 
directly implies that the function {f,g}L = ^Xfg = T^{df,dg) is again g-invariant, so C°°{M)^ 
is a Poisson algebra. □ 

It immediately follows from the previous proof that the Poisson algebra of Prop. 6.11 (using 
Dirac geometry) agrees with the one of Sec. 5.3 (using quasi-Poisson geometry). The previous 
proposition recovers [5, Prop. 4.6] in the case of G-valucd moment maps. 

As we have discussed, one can perform moment map reduction either in the framework of 
Hamiltonian quasi-Poisson spaces or Dirac geometry. We observe that the functor I preserves 
the reduction procedures: 

Proposition 6.12 The functor 2 commutes with moment map reduction. 

Proof: Let (M, it, pm, J) be the Hamiltonian quasi-Poisson G-space associated with a strong 
Dirac map J via I. Let us fix a dressing orbit O in S, and a point y £ O which is regular for J. 
As we saw in Prop. 5.21, if /,5 G C°° {J'^ {O))^ , then we have a well-defined Poisson bracket 
{/, ^Itt := 7i"(rf/) c^flOl J-i(C>)) independent of the extensions f,g of f and g. Since vr''((i/) 1,7-1(0) 
does not depend on the extension / of / and lies in the kernel of dJ, it gives a well-defined 
vector field Xf on J~^(0) (which is tangent to J~^{y)). 

Suppose that the isotropy subgroup of y, denoted by Gy, acts freely and properly on J~^(y). 
We have a natural identification J^^{0)/G = J^^{y)/Gy, which gives an identification of 
C°^(J"i(C'))<^ with C°°(J-i(y))'^!'. If L' denotes the Dirac structure on J'\y) given by the 
pull-back image of L under the inclusion l : J~^{y) ^ M, then the Poisson structure on 
J~^{y)/Gy given in Prop. 4.1 is defined by the identification of C°°{J~^{y))^y with admissible 
functions of L' [10, Sec^4.4]. Let / G {J-^ {y))^y ^ C°° (7-^(0))*^ and / be any local exten- 
sion of / to M. Since / is g-invariant at each point on J~^(C), it follows that {'K^{df),df) G L 
over J~^{0). By definition of backward image, it directly follows that Xf = 7r''(d/)| j-ij-q) 

(which is tangent to J^^{y)) satisfies {Xf,df = i*df) G L' . Hence Xf is a Hamiltonian vector 
field for / with respect to L' . By definition, we have 

=Xf.g = {f,g}n, 

which shows that we get the same reduced Poisson structure by using Dirac reduction or quasi- 
Poisson reduction □ 
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For G- valued moment maps with transitive Lie algcbroids, Prop. 6.12 recovers [4, Prop. 10.6]. 
Using Prop. 4.1, part in), Cor. 6.7 and Prop. 6.12, we see that the reduction of quasi-Poisson 
spaces with transitive Lie algebroids in symplectic. 

The double {D,lod) 

Let us consider the Lie group D equipped with the 2-form ujd = ij^d given by (3.9). As proven in 
Thm. 4.3, {p,p) : D ~> Sx S is a strong Dirac map (i.e., a presymplcctic reahzation), where Sx S 
is equipped with the product Dirac structure Ls x L5. The choice of sphtting j of (f ,0) induces 
a sphtting j x j of (0 x 0, g x g), and we know from Thm. 6.3 that there is an associated bivector 
field making D into a Hamiltonian quasi-Poisson q x g-space with moment map J = (p, p) . We 
consider the maps a : T* {S x S) ^ g x g and p : T{S x S") ^ g x g (as in Sec. 6.2) associated 
with the Manin pair (0 x (),g x g) and the splittings s x s and j x j. 
Let us consider the bivector field tt^ = ttd S 3C^{D), depending on j, given by 

7rDia,(3) :=(a\/3^>^-(t'- + r')(a,/3), (6.29) 

where a,/? e Q^{D), ,f3^ G X{D) are the dual vector fields via (•, •)g and r G (g) 9 is the 
r-matrix of Remark 5.4. Note that the skew symmetry of ttd follows from (5.12). 

Proposition 6.13 The quasi-Poisson bivector field corresponding to ud vial is ttd- 
Proof: We must show that the two conditions in (6.27) hold, i.e., 

{dp, djp)a{i^\a)) = -a*pUot), (6.30) 
i.HarD = {l-T*a), (6.31) 

Va G TaD, where pd{u,v) = — v\ u,v e g, and T = pc opo {dp, dp) : TD TD. 

It suffices to prove the equations for a = {w'^)^ = (w,9^^^, for G c). Let us start with 
the r.h.s. of (6.30). To simplify the notation, we always identify i) = J)* via A direct 

computation shows that 

p*o{aa) = {i*{w),-i*{Ad^-,{w))), aeD, (6.32) 

where i* is an in Section 5.1. Using that ps = dpo dra, we find 

-a*p*j){aa) = {-dp{raji*{w)),dp{raji*{P^da-i{w)))), where = ((ira(w))^. (6.33) 

(We may use r^, Iq^ for dv^, dl^ in order to simplify the notation.) On the other hand, a direct 
computation using the definition of ttd gives: 

7r''(aa) = ra{w) - laji* {Ad^-i {w)) - raji*w = la{tj*Ada-i {w)) - raji*w, (6.34) 

where we used that tj* = 1. Since dpa{dla{u)) = and dpa{dra{u)) = ps{u) if ?i G g, we ob- 
tain (ipa(7r''(aa)) = —dpa{raji'*{w)). Similarly, one checks that dp„(7r'^(Q;a)) = dpa{rajt*{Adg_-iw)) 
Comparing with (6.33), (6.30) follows. 
In order to prove (6.31), it suffices to show that 

UJD{Tr^{aa),Xa) = aa(X„) - aa{TXa), (6.35) 
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for = {dra{w))^ and Xa = dra{v), where w,v ED. Using the identity ji* = 1 — ij* in (6.34), 
we get: 

^d(««) = ^a(y*Ad„-i(w;)) - rajt*w = Vaifw - laji*Ma^-i{w). (6.36) 
Using (4.9), we find 

a;D(7r«(a„),X„) = (-Z„0„(X„) + ra(0„-iInv(X„)) + 7r^(a„))^ 

= -(laOa{ra(v)),'K^jj{aa))^ - <;|r„0„-i ^^-i t;, 7r[, (a„) ^ ^ + <j|ra(i;) , tt}, («„) 

where we have used that Inv(ra(i')) = — Z^-if. Using (6.34) and that 6 is isotropic, we have 

{la6a{ra{v)),'K\j{aa)^ ^ = -{laOa{ra{v)),raji*w)-Q = - {KdaO a{r a{v)) , j I* w) ^, 

and, using (6.36), we similarly obtain 

('^a^a-i^a-i(w),7i"}j(a„)^^ = - (Ad„-i 6'„-i (t;) , ji* Ad„-i (u'))^. 
Using (6.34), we get 

Combining the last three equations, we find that ujD{T^'^{(Xa),Xa) equals 

{ifAdaeairaiv)),w)^ + (ij*Ad„-i^„- J^-it-, Ad,-i (w;))^ + (6.37) 
-{w,Lj*v)^ - {Lj*Ad^-i{v),Ada-i{w))^ + {v,w)^. 

We now consider the r.h.s. of (6.35). Using that dp{ra{v)) = —dp^l^-i^v)), we see that 
podJ{Xa) = {j*sj*s) o {dp,dp){ra{v)) = {j* sdp{dra{v)), -j* sdp{dla-i{v))), so 

nXa) = pD{podJ{Xa)) = rafsdp{ra{v)) + laf sdp{l^-.{v)). 

Using (3.6) to express s in terms of 9, we get 

aa{T{Xa)) = iw,J*sdpiraiv))+Adaij*S^-idp{l^-iv))) 

= {w,j*v)^ - {w,j*Ada9ara{v))j, + (Ad„-iu;, j*Ad„-ii;)g 

-{Ad,-iw,j*Ad,-ie,-il,-iv)^. (6.38) 

Using that aa{Xa) = {w,v)^ and (6.38), we see that the r.h.s of (6.35) agrees with (6.37), and 
this concludes the proof. □ 

In the case of G- valued moment maps, ttd recovers the quasi- Poisson structure on G x G of 
[4, Ex. 5.3], and the previous proposition generalizes [4, Ex. 10.5]. 

A result analogous to Prop. 6.13, relating the presymplectic structure on the Lie groupoid 
G K S (integrating Ls) to quasi-Poisson bivectors is discussed in [13]. 
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A Appendix 



A.l Courant algebroids and Dirac structures 

A Courant algebroid [26] over a manifold M is a (real) vector bundle E ^ M equipped with 
the following structure: a nondegenerate symmetric bilinear form (•, •) on the bundle, a bundle 
map pe ■ E ^ TM (called the anchor) and a bilinear bracket |-, •] on r(^), so that the following 
axioms are satisfied: 

CI) [ei, [e2, 6311 = [[61,621,631 + [62, [ei, 6311, V 61 , 63, 63 G r(E) ; 

C2) [e, el = iP(6, e), Ve G r{E), where V : C°°(M) ^ T{E) is defined by {Vf, e) = Cp^^^)f. 

C3) 'Cp^(e)(ei,e2) = (Ie,ei],e2) + (ei, [6,62!), Ve, ei, 62 G r(£;); 
C4) pE([ei, 62I) = \pE{ei), PE{e2)], Vei, 62 G V{E)- 

C5) [6i,/e2l = /l6i,62l + (£^^(e,)/)62, V6i,62 G V{E), f G C^{M). 

Note that the bracket |-, •] is not skew-symmetric, but rather satisfies 

[61,62! = -[62,61] +P (61,62) (A.l) 

as a consequence of C2). (This is the non-skew-symmetric version of the Courant bracket studied, 
e.g., in [33]; the original notion of Courant bracket [26] is obtained by skew-symmetrization.) It 
also follows from C2) that, upon the identification E = E* via (•, •), we have 

pEop*E = 0. (A.2) 

The model example of a Courant algebroid is the following: 

Example A.l Consider E = T* M®TM equipped with symmetric pairing {{X, a), {Y, /3))^^„ : = 
(i{X) + a{Y). Any closed 3-form ^ on M determines a Courant algebroid structure on E with 
bracket 

[(X, a), (y, /3)1^ := ([X, Y],Cx0 - iyda + iYix<l>). 

A detailed discussion about Courant brackets with original references can be found in [24] . 
A subbundle L G E which is Lagrangian (i.e., maximal isotropic) with respect to (•, •) is called 
an almost Dirac structure. It is a Dirac structure if it is integrable in the sense that 

[r(L),r(L)|cr(L). 

For a Dirac structure L, (A.l) implies that the restriction [•, •]/, := |-, •]|r(L) is a skew-symmetric 
bracket on r(L), and axioms CI) and C5) imply that this bracket makes L into a Lie algebroid 
with anchor p^ '■= Pe\l- The bracket can be extended to a bilinear bracket on r(AL), 

[•, -II : r(APL) X r(A«L) ^ T{ap+i-^L), by the conditions 

[li,l2]L = -i-l)^-'^^''-'^[l2,li]L, (A.3) 
[h, hkk = [h, hhh + h]L, (A.4) 
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for h G r(APL), I2 e r(A''L), and k G r(A''L). The Jacobi identity on r(L) translates into the 
graded Jacobi identity for the extended bracket: 

[h, [l2,h]L]L + (-l)(^'-^)(«+'-)[/2, [k,h]L]L + i-lf-'^^P+'^^ik, [Ii,12]l]l = 0, (A.5) 

In other words, r(AL) becomes a Gerstenhaber algebra. 

The bracket [•, and anchor also define a degree-1 derivation dL on the graded commu- 
tative algebra r(AL*), 

^iL(66) = rfL(6)e2 + (-inidL(6), (A.6) 

for ^1 G T{/\PL*) and ^2 e r(A5L*), by the conditions: 

dLf{l)=C,^H)f, leT{L),feC^{My, (A.7) 
dUih, h) = J^pUhAh) - J^pUh)ah) - a[h,l2]L), hj2e r(L), ^ g r(L*). (A.8) 

In this case the Jacobi identity of [•, -Jl translates into = 0. 

A. 2 Manin pairs over manifolds and isotropic splittings 

A Manin pair over a manifold M is a pair {E, L) consisting of a Courant algebroid E over M 

for which (•, •) has signature (n, n), and a Dirac structure L C E. It follows from the signature 
condition that rank(L) = n = |rank(£^). When M is a point, we recover the notion discussed 
in Section 3.1. 

Given a Manin pair {E, L) over M, there is an associated exact sequence of vector bundles 
given by 

— ,L^E^L* — ^0, (A.9) 

where t : L ^ E\s the inclusion and L*{e){l) = (e, We consider henceforth the identification 

E = E* induced by (•,•)• The map i* coincides with the projection E ^ E / L after the 
identification E/L = L* induced by (•, •), proving the exactness of the sequence (A.9). 

An isotropic splitting of the exact sequence (A.9) is a linear splitting s : L* ^ E of (A.9) 
whose image is isotropic in E, i.e., (•, •)\s{l*) = 0. A Manin pair over M together with the choice 
of an isotropic splitting is referred to as a split Manin pair over M. 

Lemma A. 2 Let {E, L) be a Manin pair over M. Then the exact sequence (A.9) admits an 
isotropic splitting. Moreover, any isotropic splitting s : L* ^ E defines an isomorphism 

{l,s) : L®L* ^ E (A.IO) 

with inverse {s*, l*), which identifies the pairing (•, •) in E with the canonical symmetric pairing 
in L® L* given by 

{{ll,^l),{l2,^2))can--=Uh)+Cl{l2). (All) 

Proof: If s L* ^ E is any linear splitting of (A.9), then a direct computation shows that 
s' = s — ^Ls*s is an isotropic splitting. It is straightforward to check that (A.IO) is an isometric 
isomorphism with respect to {■,-)can (''■)• '-' 

An immediate consequence of Lemma A.2 is that the following identities hold: 

S*S = 0, t*S = 1, S*L = 1, SL* + LS* = 1. (A.12) 
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Let us fix an isotropic splitting s : L* ^ E. Under the induced identification E = L (B L*, 
the maps s* and i* become the natural projections pr^ : L® L* ^ L and pr^;^* : L © L* — > L*, 
respectively. Then s induces the following geometrical structures: 

i) A cobracket 

Fs:T{L)^V{L)hV{L), (A.13) 

ii) A 3-tensor 

Xs G T{^^L), (A.14) 

iii) A bundle map 

Pi* ■■= PElm : L* ^ TM. (A.15) 

We will omit the s dependence in the notation whenever there is no risk of confusion. 
The cobracket F is defined in terms of its dual, F* : T{L*) A T{L*) T{L*), by 

F*{^i,C2) := prz,.(Is(6),s(6)l)- (A.16) 

We also denote the skew-symmetric bracket F* on r(L*) by [■, (the skew-symmetry of (A.16) 

is a consequence of s{L*) C E being isotropic). 

Similarly, we define x '■ r(L*) A r(L*) r(L) by the condition 

kikiX = pi-l([«(6),s(6)1)- 

By axiom C3) in the definition of a Courant algebroid, the expression 

^6prL([s(ei), 5(6)1) = (1^(6), 5(^2)1,5(^3)) 

is skew-symmetric in ^1,^2,^3- Since it is clearly C°°(M)-linear in ^3, it is C°° (M)-trilinear and 
therefore defines (A.14). 

We also have an extension of [•, -Jl* to a bilinear bracket on r(AL*) satisfying (A. 3), (A. 4) as 
well as a degree 1 derivation d^* on r(AL) defined by [•, -ji* and pi* via (A. 7), (A. 8). In general, 
[•, -ji* does not satisfy the graded Jacobi identity and cIl* is not a differential, as a consequence 
of the failure of integr ability oi L* C E. 

A. 3 Lie quasi-bialgebroids 

Let us consider a split Manin pair, identified with (L©L*, L), where L©L* is equipped with the 
symmetric pairing (•, (as in Lemma A. 2). Fixing this identification, one obtains a formula 
for the Courant bracket |-, -1 on L © L* in terms of F*,x and pL*'- 

1(^1, 0),(/2, 0)1 = [;i,/2]l, (A.17) 
lil,0),iO,0} = i-kdL4,CiO, (A.18) 

1(0,6), (0,6)1 = (x(6,6),i^*(6,6)), (A.19) 

where = l,-}\r{L), Uh,h G r(L), 66,6 G T{L*) and Ci = dm + iidL. 

Conversely, one may start with a Lie algebroid (L, [•, •]l,Pl) together with a skew-symmetric 
bracket F* on r(L), an element % G r(A^L) and a bundle map pL* : L* — TM. This set of 
data is called a Lie quasi-bialgebroid [33, 34] if the bracket defined by (A.17), (A.18) and 
(A.19) makes L © L* into a Courant algebroid with pairing (•, and anchor PE = PL + PL*- 
This requirement is equivalent to the following explicit compatibility conditions [34]: 
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QO) dL4h,l2]L = [dL'li,l2]L + [h,dL*l2]L, for alUi, ^2 £ r(L). 



(Using the Leibniz identity for [tJlj one can check that d^* is actually a derivation of 



on r(AL): dL4h,l2]L = [dL^h^h] + {-iy-%,dM h G T{APL),l2 G r{AiL).) 

Qi) PL*(i^*(ei,6)) = [PL*(6),PL*(e2)] - PLfe^a(x)), for all G r(L*). 

Q2) = + for all ^1,6 G r(L*),/ G C-(M). 

Q3) For alia,e2,6Gr(L*), 

Q4) = 0. 



The resulting Courant algebroid L © L* is called the double of the Lie quasi-bialgebroid. 
Hence we sec that there is a natural correspondence between split Manin pairs and Lie quasi- 
bialgebroids over M. 

A. 4 Bivector fields 

Given a Courant algebroid E over M and a pair of transversal almost Dirac structures L, C, 
with E = L®C, it follows from (A.2) that 



where '■= Pe\l^ Pc •= Pe\c^ and we identify C = L* via the pairing on E. Hence the bundle 
map TT^ := pL o (pc)* ■ T*M TM defines a bivector field on vr on M, depending on L and C. 
In particular, any Lie quasi-bialgebroid over M defines a bivector field tt G X'^{M) [21]. 

Proposition A. 3 For a given Lie quasi-bialgebroid E = L ® L* , the bivector field tt G j£^(M) 
defined by tt'^ = pi o (pl*)* satisfies 



Proof: For f,g,h e C^(M), let Jac{f,g,h) = {f,{g,h}} + c.p., where {•,•} is the bracket 
defined by tt. It then follows that (see e.g. [10, Sec. 2.2]) 



PL ° (pcT + Pc° {plT = 0, 




Pl{x), 

PL{dL*{l)), ^leV{L). 



(A.20) 
(A.21) 



- [tt, tt] (d/, dg, dh) = Jac(/, g,h) = (^[k^ (df), J (dg)] - J {d{f, g}),dh). 



(A.22) 



Using Ql) we see that pL{x){df,dg,dh) equals 



[pLiipi{dg)ipiidf)X),dh^ = (^[J{df),Jidg)],dh^ - {pL'{F*{pl{df), plidg))),dh) 



and, by (A.22), this last expression equals 



Jac(/,5,^) + {{f,9},h} - {F*{pl{df),pl{dg)),pl.{dh)). 



(A.23) 



Using the identity (A. 8) for the bracket F*, we can rewrite (A.23) as 



{dL- {pl. dh)){pldf, pldg) + {{g, h}J} + {{h, f},g} + Jac(/, g, h) + {{/, g] , h] 
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which equals {dL*{p*L*dh)){p\df,p*j^dg). Hence 

PL{x){df,dg,dh) = {dL*{pl*dh)){pldf,pldg) = {dl.h){pldf, pldg). (A.24) 

On the other hand, since dL*[dL*f,g]L = [d\*f,g\L + [dL*f,dL*g]L (by QO)), applying pi and 
using the definiton of tt we get 

^PL{d^* [dL*f,9]L)h = {{f,9}, h} = ^p^{[dl,f,g])h + {/, {g, h}} + {g, {h, /}}. 

A direct computation shows that >Cp^Q^2 j^j^/i = —pL{d\*f){dg,dh), hence 

3ac{f,g,h) = pL{d\* f){dg,dh) = dl. f {pldg , pldh) . 

Using the skew-symmetry of Jac and (A.24), equation (A. 20) follows. 

To prove (A. 21), we use that dL*[l,f]L = [<^l*^,/]l + [^,c?l*/]l for all I G r(L). Applying pL 
to this expression, it follows that 

{^PL{l)f,9} = ^PL{[dL*l,f]L)9 + ^[pL{l),^Hdf)]9 = ^pL{[di^*l,f]L)9 + ^pL{l){f^9} " {f,^pL{l)9}- 

Hence 

i^PL{i)^)idf,dg) = Cpj^(i){f,g} - {Cp^^i)f,g} - {f,Cp^^i)g} = -Cp^^^di^,ij^L)9- 

Using the general identity Cp^(]^xjY)9 = —PL{^){df,dg), for f,g E C°°{M) and A G r(A^L), we 
conclude that 

-^PL{ldL*i,f]L)9 = PL{dL*l){df,dg), 
as desired. □ 



A. 5 Twists and exact Courant algebroids 

Let {E, L) be a Manin pair over M, and suppose that we have two splittings of (A. 9), s and s' . 
The image of the difference s — s' : L* ^ E lies in L, hence it defines an element t G A^L, called 
a twist, by 

s-s' = t^ : L* ^ Lc E, 
where t^(^i)(^2) = ^(^1,^2)- A direct calculation shows the following: 

Proposition A.4 The following holds: 

1. Let d\^* he the derivation on r(AL) associated with the bracket F* on r(L*) and bundle 
map p\^» . Then 

di. = di. + [t, 

2. Xs = Xs' + di.t-\[t,t]L. 

3. tt'' =7r" + pi(t). 



53 



An important class of examples of Manin pairs is given by exact Courant algebroids. Following 
P. Severa [35], a Courant algebroid is called exact if the sequence 

— > T*M -^E-^TM — ^ (A.25) 

is exact (by (A. 2), it is always true that peP*e = 0). Viewing T*M as a subbundle of E via 
Pg, {E,L = T*M) is a Manin pair. Using axioms C3) and C4) in Sec. A.l, one can check 
that [•, -Jl = [•,'llr(r*M) = 0- Since pi = 0, wc must have di^ = 0. Once we choose an 
isotropic splitting s and identify E with TM © T*M, it is simple to check that the bracket F* 
on r(L*) = r(TM) is just the Lie bracket of vector fields. ^From Q4), we see that Xs is a closed 
3-form, and the general bracket (A. 17), (A. 18), (A. 19) becomes the bracket of Example A.l. 
From Prop. A. 4, part 2, we see that a different splitting changes Xs by an exact 3-form. These 
observations lead to the following result of Severa [35] : 

Corollary A.5 Exact Courant algebroids over M are classified by iJ^(M, R). 
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